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ORIENTATION 


This  is  Part  VI  of  a  six-part  report  on  the  results  of  an 
investigation  into  the  problem  of  determining  the  scattered  field 
resulting  from  the  interaction  of  a  given  electromagnetic  incident 
wave  with  a  perfectly  conducting  body  executing  specified  motion  and 
deformation  in  vacuum.  Part  I  presents  the  principal  results  of  the 
study  of  the  case  of  a  general  motion,  while  Part  II  contains  the 
specialization  and  completion  of  the  general  reasoning  in  the  situation 
in  which  the  scattering  body  is  stationary.  Part  III  is  devoted  to 
the  derivation  of  a  boundary-integral-type  representation  for  the 
scattered  field,  In  a  form  involving  scalar  and  vector  potentials. 

Parts  IV,  V,  and  VI  are  of  the  nature  of  appendices,  containing  the 
proofs  of  numerous  auxiliary  technical  assertions  utilized  in  the 
first  three  parts.  Certain  of  the  chapters  of  Part  I  are  sufficient 
preparation  for  studying  each  of  Parts  III  through  VI.  Specifically, 
the  entire  report  is  organized  as  follows: 

Part  I.  Formulation  and  Reformulation  of  the  Scattering 

Problem 

Chapter  1.  Introduction 

Chapter  2.  Manifolds  in  Euclidean  Spaces. 

Regularity  Properties  of  Domains 
[Summary  of  Part  VI] 

Chapter  3.  Motion  and  Retardation 
[Summary  of  Part  V] 


Chapter  4.  Formulation  of  the  Scattering  Problem. 
Theorems  of  Uniqueness 

Chapter  5.  Kinematic  Single  Layer  Potentials 
[Summary  of  Part  IV] 

Chapter  6.  Reformulation  of  the  Scattering  Problem 


Part  II.  Scattering  by  Stationary  Perfect  Conductors 
[Prerequisites:  Part  I] 


Part  III.  Representations  of  Sufficiently  Smooth  Solutions 
of  Maxwell's  Equations  and  of  the  Scattering 
Problem 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3],  Sections  [1.4.1]  and  [1.5. 1—10 ] ] 


Part  IV.  Kinematic  Single  Layer  Potentials 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3] ] 


Part  V.  A  Description  of  Motion  and  Deformation.  Retardation 
of  Sets  and  Functions 

[Prerequisites:  Section  [1.1.4],  Chapter  [1.2]] 


Part  VI.  Manifolds  in  Euclidean  Spaces.  Regularity 
Properties  of  Domains 
[Prerequisite:  Section  [1.1.4]] 


The  section-  and  equation-numbering  scheme  is  fairly  self- 
explanatory.  For  example,  ”[1.5.4]"  designates  the  fourth  section  of 
Chapter  5  of  Part  I,  while  "(I. 5. 4.1)"  refers  to  the  equation  numbered 
(1)  in  that  section;  when  the  reference  is  made  within  Part  I, 
however,  these  are  shortened  to  "[5.4]"  and  "(5.4.1),"  respectively. 
Note  that  Parts  II-VI  contain  no  chapter-subdivisions.  "[IV. 14]" 
indicates  the  fourteenth  section  of  Part  IV,  "(IV. 14. 6)"  the  equation 
numbered  (6)  within  that  section;  the  Roman-numeral  designations  are 


never  dropped  in  Parts  II-VI. 


A  more  detailed  outline  of  the  contents  of  the  entire  report 
appears  in  [1.1.2].  An  index  of  notations  and  the  bibliography  are 
also  to  be  found  in  Part  I.  References  to  the  bibliography  are  made 
by  citing,  for  example,  "Mikhlin  [34]."  Finally,  it  should  be 
pointed  out  chat  notations  connected  with  the  more  common  mathematical 
concepts  are  standarized  for  all  parts  of  the  report  in  [1.1.4]. 
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PART  VI 

MANIFOLDS  IN  EUCLIDEAN  SPACES. 
REGULARITY  PROPERTIES  OF  DOMAINS 


The  major  portion  of  Chapter  [1.2]  comprises  just  those  defi¬ 
nitions  and  bare  statements  of  technical  results  concerning  manifolds 
in  Euclidean  spaces,  Lebesgue  measure  and  integration  on  such  mani¬ 
folds,  and  the  implications  of  various  regularity  hypotheses  for 
open  sets  in  a  Euclidean  space,  which  are  needed  in  the  subsequent 
study  of  the  scattering  problem.  This  essentially  self-contained 
Part  VI  is  an  expanded  version  of  that  same  material,  providing  the 
requisite  auxiliary  concepts  and  complete  proofs.  The  development 
draws  freely  upon,  and  modifies,  presentations  appearing  in 
Fleming  [14,  15],  Munkres  [40],  GUnter  [19],  and  Mikhlin  [34]. 

We  begin  with  two  standard  results. 

[VI. 1]  INVERSE  FUNCTION  THEOREM.  Let 
n  €  u  icct/t  n  _>  2,  and  q  €]NU{«}.  Let  1)  ci"  be  open  and 
fq  e  cq(U-IRn)  and  suppose  that  xQ  e  u  with  Jf(xQ)  +  0.  Then 
th cAe  exists  an  open  neighborhood  xQ,  UQ  c  u,  such  that 

(i I  fQ  f|  UQ  Is  an  Injection; 

Ui)  f(UQ)  **  open  in  Rn; 
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ilU)  f^1  e  cq(f(u0)^Rn); 

(' Lv )  i jor  each  x  £  Uq,  Jf(x)  ^  0,  and  { Df(x )}  ^  * 

(Df^1) (f (x)) . 

PROOF.  Cf.,  Fleming  [15].  □. 


[VI. 2]  IMPLICIT  FUNCTION  THEOREM.  Let 
n,m  £  W  with  men,  and  q  £]N'-J{®}.  Suppose,  that  U  C  ]Rn  is  open, 
$  €  C^U*®10) ,  and  Xq  £  U  is  Such  that  $(xq)  *  0  and  D4>(xq) 
has  (maximum)  /tank  m.  Then  there  exist  an  open  neighborhood  UQ  C  u 
0(5  Xq,  an  open  set  vQ  c  ®n_m,  an  increasing  (n-m ) -tuple 
X  ■  (ii, . . . »in_m^  -t ntegers  in  {l,...,n},  and  a  unique 

junction  <p  £  cq(VQ;®m)  6udi  that,  with  denoting  the 

increasing  m- tuple  oj  integers  in  n}  complemcrvtary  to  X, 


U) 

Ui) 

Uii) 


det  ($,  k<Tn  *  0  6°*-  zac-il  x  6  uo: 

JU  —  *  — 


i  i,  i 

XA  »  fx  1  x  n-m.  g  „  . 
X0  'XQ  ’'‘*’x0  '  v0' 


{x  €  UQ|  $(x)  ■  0} 


{  x  €  ®n  I 


(x 


*n-nu  c-  ,, 

. ,x  )  e  VQ,  x 


Ak,  *N 

<P  (x  )  , 


k  ■  1, . . . ,m} . 


We  shall  give  an  outline  of  the  proof,  in  order  to  point  out 
the  construction  of  an  auxiliary  function  which  turns  out  to  be  of 
later  use. 


PROOF  (SKETCH).  Since  D<t> CxQ)  has  rank  m,  there  is  an 
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increasing  m-tuple  (j^. • • • >jm)  integers  in  {l,...,n}  such 

that  det  ($*  ^xo^l<i  k<m  ^  °‘  Let  X  “  • • • »in_m>  denote  the 

■’k  —  ’  — 

increasing  (n-m)-tuple  of  integers  in  {l,...,nj  which  is  comple¬ 
mentary  to  ).  Define  a  function  f:  U  -*•  ]Rn  according  to 

l  m 

k  ^k 

f  (x)  :*  x  ,  k  *  l,...,n-m. 


,n-m+k,  .  .k,  .  .  , 

f  (x)  :*  4>  (x) ,  k  * 


for  each  x  S  u.  Clearly,  f  £  Cq(U;]Rn).  A  short  computation  and 
use  of  the  properties  of  determinants  produce  the  equality  | Jf (x) |  = 
|  det  ($*  k<m^  ’  *°T  eac^  x  e  *n  particular,  we  find 

then  that  Jf(xg)  +  0.  According  to  the  Inverse  Function  Theorem 
[VI. 1],  there  exists  an  open  neighborhood  Uq  C  u  of  xQ  such  that 
Jf(x)  j*  0  for  each  x  €  UQ,  fQ  :«  f  |  UQ:  UQ  -*•  f(UQ)  is  a 
homeomorphism  of  Uq  onto  the  open  set  fCUp)  C  ]Rn,  and  fQ1  6 
Cq(f(U0)ilRn). 

il  1  -m 

Noting  that  f(xQ)  *  (xQ  ,...,x0n  n,0,...,0)  €  f(UQ),  we 
see  that  the  set 


Vq  :*  {x  €  ]Rn  m|  (x,0)  (x1, . . .  .x11  m,0, . . .  ,0)  e  f  (Uq) } 


contains  xX  and  is  open  in  lRn  m,  since  f(UQ>  is  open  in  Kn. 
Define  <f> :  Vq  ■*  ]Rra  by 

*k(x)  (f"1)3k(i1 . in-m,0 . 0),  for  each  i  €  Vq, 

k  E  {1, . . . ,m) . 
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Then  it  is  routine  to  check  that  <p  €  C^(V^il Rm)  and  that  (iii) 

holds.  To  show  that  $  is  unique,  let  Vq  ■+  lRm  be  any 

function  satisfying  (iii):  choosing  x  £  V^,  define  x  and  x  6  ]Rn 

*k  -*k  -k  ^k  k  - 

by  x  *  x  :*  x  ,  for  k  ■  l,...,n-m,  and  x  :*  tp  (x) , 

-^k  -k  - 

x  :■  <J>  (x),  for  k  *  l,...,m.  Then  x  ■  x  *  x,  and  (iii) 

gives  x,  x€  Uq,  with  $(x)  ■  <t(x)  »  0.  Obviously,  it  follows 

that  fg(x)  *  fg(x),  “hence  x  *  x,  since  fg  is  injective, 
k  a 

Consequently,  <j>  (x)  ■  $  (x)  for  k  *  l,...,m.  Thus,  <)>*$.  □. 

We  proceed  to  the  definition  of  "manifold”  in  a  Euclidean 
space.  We  shall  not  need  the  idea  of  a  "manifold  with  boundary" 

(cf.  Munkres  [40]),  and  so  we  can  avoid  introducing  this  more 
inclusive  concept. 

[VI.  3]  DEFINITION.  Let  n  and  q  €  .  A  non¬ 

void  open  set  in  lRn  shall  be  referred  to  as  an  (n,n;q) -maiuficld , 
whenever  it  is  convenient  to  do  so.  Now  suppose  that  r  €  K  and 
r  <  n  (so  n  ^  2) :  a  non-void  set  M  C  ]Rn  is  a  mni^oid  o& 
dunZM-ion  r  and  CJtaAA  C^,  or  (r,n;q)-maiu.|(o.£ci,  iff  whenever 
x  €  M,  there  exist  an  open  neighborhood  C  ]Rn  of  x  and  a 

function  4>  €  C^(U  jlRn  r)  such  that  rank  D4>  (y)  ■  n-r  for  each 
X  X  X 

y  €  Ux,  and 

M~iU  -  {y  e  u  I  $  (y)  -  0).  ■. 

X  X1  X 

[VI. 4]  REMARKS,  (a)  It  is  clear  that  if  M  is  an  (r,n;q)- 
manifold  (r  <_  n)  and  M  is  a  relatively  open  subset  of  M,  then 


M  is  also  an  (r,n;q)-manifold. 


(b)  Just  as  obvious  is  the  fact  that  a  non-void  set  M  C  ]Rr‘ 
is  an  (r ,n;q)-manifold  iff  each  x  £  M  possesses  a  relatively 
open  neighborhood  C  M  such  that  Mx  is  an  (r ,n;q)-manifold . 

(c)  Let  M  be  an  (r,n;q)-manifold:  then  M*]R  is  an 
(r+l,n+l;q)-manifold.  To  see  this,  suppose  first  that  r  <  n. 

Let  (x, t)  e  JMR,  then  Ux  C]Rn,  $x  €  Cq(Ux;IRn“r)  be  as  in  [VI.  3]. 


U  x]R  cm 
X 

U  *1R  -►  1R 
x 


n+1 


n-r 


is  an  open  neighborhood  of  (x,t).  Define 

TO(n+l)-(r+l)  ,  .  e  \ 

by  $(x,t)(y’s) 


(x, t)  ' 


$x(y) ,  (y,s)  £  l'x*IR. 


For  each  (y,s)  €  u  *IR,  the  matrix  of  D$,  *(y,s):  ]Rn+1  -  ]Rn  r 

X  \  X  y  t  ) 

relative  to  the  standard  bases  is 


(*x,j(y))l<i<n-r 

l<j<n 


(1) 


Clearly,  rank  D$.  .(y,s)  -  n-r  *  (n+l)-(r+l)  for  each  (y,s)  £ 

U  *1R,  while  {M*ffi}n{u  *]R}  .  {(y,s)  €  U  «]r|  4>.  . (y,s)  -  0}.  The 

X  X  x  (x, t j 

case  r  *  n  is  even  more  trivial. 


For  any  (r,n;q) -manifold  M  and  any  x  €  M,  we  shall 
define  associated  "tangent"  and  "normal"  spaces  to  M  at  x,  as 
follows: 


[VI. 5]  DEFINITIONS.  Let  M  be  an  (r ,n ; q) -manifold , 
and  x  €  M.  B  ^  ]Rn  is  a  ta.nge.tvt  vector.  to  M  aX  x  iff  there  is 
a  6  >  0  and  a  function  p  £  C^(  (-6 , 6)  ^Rn)  such  that  ip(s)  6  M 
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for  |s!  <  6,  i£(0)  “  x,  and  i^'(0)  -  8.  The  set  of  all  tangent 
vectors  to  M  at  x  is  called  the  tangent  Apace  to  M  at  x, 
and  denoted  by  T^Cx) .  The  orthogonal  complement  of  TM(x)  in 
shall  be  referred  to  as  the  nOAjnal  Apace  to  M  at  x,  and  denoted 
by  Nm(x)  .  ■  . 

It  is  easy  to  show  that  TM(x)  ■  and  NM(x)  ■  {0}  for 

any  (n,n;q) -manifold  (non-void  open  set  C 3Rn)  M  and  any  x  €  M. 

In  the  general  case,  it  is  clear  that  0  €  T  (x)  ,  and  it  can  be 

proven  directly  that  T,,(x)  is  a  subspace  of  ]Rn.  The  implicit 

M 

function  theorem  allows  us  to  show  that  Tu(x)  is  non-trivial,  by 

n 

showing  that  it  has  dimension  r;  as  noted,  we  shall  consider  this 
fact  proven  for  the  case  r  *  n. 

[VI. 6]  PROPOSITION.  Let  M  be  an  (r ,n;q) -manifold, 
uuXh  x  <  n;  let  x  €  m.  Then  T„(x)  iA  an  x-dimcnAioial  Aubipac e 
®n.  In  iact,  ii  ux  C]Rn  and  $x  €  cq(Ux-!Rn~r)  asie  oa  in 
[VI. 3],  then 

TM(x)  -  ker  D$x(x) . 

PROOF.  Noting  that  dim  ker  D4>x(x)  “  r,  since  D$x(x): 

®n  -*•  lRn  r  and  rank  D$x(x)  -  n-r,  the  first  statement  will  follow 
once  the  second  has  been  proven. 

Suppose  then  that  8  €  T^Cx) ;  6  ■  ^'(O)  for  some  i p  e 

C^((-5 ,5)  ^Rn)  as  in  [VI. 5].  Since  p  is  continuous,  and  U 
is  a  neighborhood  of  x  ■  there  is  some  6’  €  (0,5]  for  which 
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iKs)  €  U^M  whenever  |s|  <  6',  sc  also  ^(^(s))  *  0  for 
| s |  <  6'.  Differentiating,  by  the  composite  function  theorem,  and 
setting  s  ■  0  gives  D$x(4/(0))\j/'  (0)  ■  0,  or  D$x(x)8  ■  0.  Thus, 

8  €  ker  D$x(x) . 

Now,  let  8  €  ker  D$x(x):  we  show  that  there  exists  a  6  >  0 
and  a  function  i|»  as  in  [VX .53.  For  this,  observe  that,  since 
♦  €  cq(U  jlRn  r) ,  with  rank  D$  (x)  -  n-r,  x  €  U  ,  and  $>  (x)  »  0, 

X  X  X  XX 

we  can  appeal  to  the  construction  carried  out  in  the  proof  of  the 

implicit  function  theorem:  there  exist  an  increasing  r-tuple 

X  -  (i^,...,ir)  of  integers  in  {l,...,n}  and  an  open  neighborhood 

Uq  C  Ux  of  x  such  that  the  function  f^:  Uq  -*•  ]Rn  given  by 

k  *k 

fQ(y)  S-  y  .  k  «  l,...,r, 
fr0+k(y)  #k(y)»  k  ■  i . n-r, 

for  each  y  €  Ug,  is  in  Cq(Ugj3Rn),  is  a  homeomorphism  of  Uq 
onto  the  open  set  fg(Ug),  and  for  which  fg1  G  Cq(fg(Ug)  ;Fn) . 

As  in  the  proof  of  [VI. 2],  the  set 

Vg  :«  {y  6  mr|  (y ,0)  (y1, . . . ,yr,0, . . . ,0)  €  fg(Ug)} 

x  ix  1 

is  an  open  neighborhood  of  x  ■  (x  ,  ...,x  )  in  1R  .  Hence, 

there  is  a  5  >  0  such  that  xX+sBX  €  Vg  whenever  |s|  <  6,  so 
it  is  permissible  to  define  ijc  (-6,6)  -*•  ®n  according  to 

iKs)  :*  fg1(xX+s8X,0), 


for  each 


s  e  (-6,6). 
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We  claim  that  this  1 p  fulfills  the  requirements  of  [VI. 5].  Since 
fQ^  e  C^fQOJg)  jIRn) ,  certainly  e  C"1  ( (—6 ,6)  £IRn) .  Whenever 
|s|  <  <5,  fQ1(xX+s8X,0)  e  UQ  C  Ux  and 

$x(f‘1(xA+sSA,0))  -  ^(^(xVsB^.O)) 

-  (xX+sSX ,0)r+k 

■  0,  for  k  -  1 . n-r, 

showing  that  i(s)  e  u ^  and  $x(i^(s))  -  0,  so  i|/(s)  €  M.  Also, 

ip(0)  «  f01(xX,0)  *  fg^(fg(x)).  Finally,  we  must  show  that  ^’(0)  *  6 

since  <ji'(s)  *  { (Df^*) (xX+s6X ,0) } (6X ,0)  if  |s|  <  6,  we  have 
*'(0)  -  ( (Df q1) (xX ,0) } (8X ,0)  -  (Df“1(f0(x))}(BX,0)  - 
(DfQ(x)}  ^(8X,0),  the  latter  equality  following  from  [VX.l.iv], 

in  view  of  the  manner  in  which  f^  was  constructed.  Now, 
n  k  .  n  .  i. 

l  fn  (x)-B^  •  l  6,.'8J  *  8  for  k  -  l,...,r,  and 

j-1  j-1  jik 

n  g  ,  n  . 

£  f*  .(x)B^  -  £  $  (x)B^  *  0  for  l  -  l,...,n-r,  since 

j-1  j-1  X’J 

D<J>x(x)B  -  0.  These  facts  show  that  Dfg(x)S  -  (BX,0),  whence 
8  -  {Dfg(x)}  *(BX,0).  Thus,  i|>'(0)  -  8.  We  conclude  that  S  € 

Tm(x).  □. 

[VI. 7]  COROLLARY.  Lit  M  be  an  (r ,n;q) -maniac td  iu ith 
r  <  n.  Lit  x  e  m.  W  U  ce"  and  $  €  cq(U  ®n'r)  be  as  in 

X  X  X 

[VI. 3].  Thin  the  Alt  {grad  *^x^k-l  P^vidiA  a  bciA-ii  fal 
Nm(x) . 


PROOF. 


N^Cx)  is  the  orthogonal  complement  of  Tm(x) .  Clearly, 
then,  Nw(x)  has  dimension  n-r.  Since  D4>  (x)  has  rank  n-r, 

M  X 

Ic  n  v  2T 

the  set  {grad  ♦  is  linearly  independent.  Whenever 

8  €  T  (x)  ■  ker  D$  (x) ,  D<J  (x)8  *  0,  implying  that  grad  $  (x)»S  ■ 

M  XX  X 

0,  for  k  ■  l,...,n-r.  Thus,  (grad  C  N^(x) .  The 

statement  of  the  corollary  obviously  follows  from  these  facts.  □. 


[VI. 8]  REMARK.  Consider,  as  in  [VI. 4. c],  the  (r+l,n+l;q)- 
manifold  frWR,  where  M  is  an  (r,n;q)-manifold.  Let  x  €  M,  and 
U  ,  4>x  be  as  in  [VI. 3].  Choosing  t  and  constructing 

“d  4(x,c)  ec',(u(x,t)*n"')  **  m  [vi.4.0.  it 

is  clear  from  the  form  of  the  matrix  (VI. 4.1)  that  ker  DC^  t^(x,t) 
Tm(x)*R,  since  ker  D$x(x)  -  TM(x) .  Consequently,  ^^(x,  t)  - 
Tm(x)*R,  for  each  (x,t)  €  M<]R. 


The  next  objective  is  the  study  of  functions  on  a  manifold 
into  a  Euclidean  space;  for  this,  the  idea  of  a  c.cO'\cUaa£e.  iLj&izm 
in  a  manifold  is  an  indispensable  tool.  Such  coordinate  systems 
also  provide  the  means  for  defining  Lebesgue  measure  on  a  manifold. 
Before  discussing  these  topics,  we  consider  sizguZcLT  £A.ani$c\nKltU'Hi 
(cf.,  Fleming  [15]). 


[VI. 9]  DEFINITIONS.  Let  r,n  €  JJ,  with  r  <_  n,  and 
q  €  .  Let  0  be  an  open  set  in  ]Rr,  M  an  (r ,n;q)-manifold, 

and  g:  0  -*•  ]Rn. 


(i)  If  g  6  C^(2I3Rn),  we  define  Jg:  0  •*  (0,®)  by 
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Jg(x)  1^  g,± (x)  f  -  1^  Dg(x)e|r)| 

(1) 

for  each  x  €  ft. 

(ii)  Suppose  g(ft)  C  M.  Then  g  is  q-K&gataA  iff 

(1)  g£cW), 

(2)  g  is  injective, 

(3)  rank  Dg(x)  ■  r,  for  each  x  £  ft.  ■. 

[VI. 10]  REMARKS.  (Notation  as  in  [VI. 9]) 

(a)  Suppose  g  £  c\ft;lRn).  The  (r.n)-vector 

g,^(x)A. .  ,Ag,^(x)  is  non-zero,  -L.e..,  Jg(x)  >  0,  for  some  x  £  ft, 
iff  the  set  (g.^Cx)  c  lRn  is  linearly  independent,  which, 
in  turn,  is  true  iff  rank  Dg(x)  *  r  (since  {g^Cx)}^^  is  just 
the  collection  of  column  vectors  of  the  matrix  of  Dg(x)  :  ]Rr  -*■  IRn 
with  respect  to  the  standard  bases).  Thus,  condition  [VI.9.ii.3] 
holds  iff  Jg(x)  >  0  for  each  x  £  ft. 

(b)  Consider  the  case  r  -  n,  and  suppose  g:  ft  ■*  ]Rn 

is  q- regular.  Then  M  is  an  open  set  in  ]Rn,  which  we  can  take 
to  be  just  lRn  itself.  Now,  rank  Dg(x)  -  n,  so  Jg(x)  i  0, 
for  each  x  £  ft.  Since  g  £  C^(ft;]Rn)  is  injective,  it  follows  from 
the  inverse  function  theorem  that  g(ft)  c  is  °Pen»  S  is  a 
home omorph ism  of  ft  onto  g(ft),  and  g  *  €  C^CgC^)  SRn) -  g  is 
sometimes  referred  to  as  a  &Zcut  tAanh^cKmcuticn  in  this  case. 


(c)  Again  supposing  r  »  n,  so  ft  C]Rn,  let  g  £  C^(f;  £IRn)  . 
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Now  it  can  be  shown  that  Jg(x)  -  |jg(x)|,  for  each  x  e  ft,  cf., 
the  proof  of  [VI. 13],  infixa,  which  appears  in  Fleming  [1A]  .  In 
any  case,  i.Z.  ,  whenever  r  <_  n  and  g  6  it  can  be  shown 

that 

|Dg(x)T1A...ADg(x)T  | 

Jg(x)  ”  |T.A...AT  |  ~  ’  x  6 

1  1  r 1 

for  any  choice  of  basis  {T^}*^  for  ]Rr;  if  »  e|r\  i  - 
l,...,r,  this  expression  reduces  to  (VI. 9.1),  since 
| e^r^A. . .Ae^r^ |  *  1.  Once  again,  we  refer  to  Fleming  [1A]  for  the 
proofs  of  these  statements;  cf.,  also,  [VI.2A.c],  in^xa. 

We  nroceed  to  provide  several  basic  facts  concerning  regular 
transformations . 

[VI.  11]  PROPOSITION.  LeA  n  be  open  in  mr,  m  an 
(r,n;q)  -manifold,  and  g:  fi  ■+  ]Rn  be  p -xzguZaA  [p 
with  g(fi)  CM.  LeA  x  €  Q.  Then 

li)  Dg(x):  ]Rr  -*■  ]Rn  i-i  an  injecAion  taking  trt  onto 
TM(g(x)); 

I'bb)  a  bcaii  6ox  TM(g(x)). 

PROOF.  Dg(x)  is  linear,  defined  on  ]Rr,  and  has  rank  r 
(in  particular,  it  is  injective),  while  TM(g(x))  is  an  r- 
dimensional  subspace  of  ]Rn.  Therefore,  we  need  only  demonstrate 
that  Dg(x)]Rr  C  TM(g(x))  in  order  to  prove  (i)  .  If  r  *  n,  then 


-12- 


I 


T^(g(x))  *  IRn,  and  the  result  is  obvious,  so  we  may  suppose  that 
r  <  n.  Let  Ug(x)  C  ]Rn  and  *g(x)  e  Cq(Ug(x)  jIRn"r)  be  as  in 
[VI. 3].  Let  fix  C  ft  be  an  open  neighborhood  of  x  such  that 


g(ft  )  C  U  .  Since  g(ft)  C  M,  we  have  g(ft  )  C  M^U 


g(x)  ’ 


whence 


«g(x)(g(y))  *  0  for  each  y  €  The  composite  function  theorem 

then  shows  that  D<Jg^  (g(x))oDg(x) :  ]Rr  -*•  lRn“r  is  the  zero 
operator,  so  D<$  ^  (g(x) )  (Dg(x)a)  ■  0  for  each  a€Rr.  By 


[VI. 6],  Dg(x)o  €  ker  D<}lg(x)  )  *  T^CgCx))  for  each  a  €]Rr, 

i.d.,  Dg(x)IRr  C  TM(g(x)) ,  as  required. 


To  prove  (ii) ,  simply  note  that,  by  (i),  Dg(x)  takes  any 
basis  for  lRr  to  a  basis  for  Tj{(g(x)),  and  that  g.^Cx)  *  Dg(x)e^r\ 
for  i  -  1, . . . ,r .  □. 


[VI. 12]  NOTATION.  In  the  setting  and  notation  of  Proposi¬ 
tion  [VI. 11],  we  shall  denote  the  inverse  of  Dg(x):  !Rr  -*■  TM(g(x)) 
by  (Dg(x)  }-1:  TM(g(x))  -®r. 

[vi. 13]  proposition.  Let  ft,  ft  c  ir  be  open  -ieti, 

{:  ft  -*  ft  be  in  Cp(ftjIRr),  M  an  (r,n;q) -marufioZd,  and 
g:  ft  -*•  M  be  p~xegu£wi.  Set  g  gof:  ft  -*•  M.  Then 


U)  Jf  -  | Jf  | ; 


{ ii )  {  ii  p-xegulax,  then  g  ii  p-xeguZax,  and  the 

equality  Jg(x)  *  Jg(f (x)) • | Jf (x) |  hotdi  icx  each 
x  €  ft. 


T 
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PROOF.  See  Fleming  f 14 ] ;  although  his  proof  is  for  the  case 
p  -  1,  its  extension  to  the  case  of  an  arbitrary  positive  integer 
p  or  p  ■  «  is  trivial,  under  the  hypotheses  given  above.  □. 

We  next  present  an  important  method  for  constructing  manifolds, 
by  formalizing  an  example  appearing  in  Fleming  [14]. 

[VI.  14]  L  E  M  M  A.  let  r,n  £  JJ  i tilth  r  <  n,  and  q  GJNuW.  Let 
x  *  (i^,...,i  )  fae  an  increasing  r -tuple.  0($  integers  chosen  flow 
{l,...,n),  and  r)  the  increasing  (n-r) -  tuple 

complementa,iy  to  X  In  {i,...,n}.  LeX  n  c  trx  be  an  open  .set, 
and  <t>  €  cq(n3Rn_r).  Define  G:  0-*-]Rn  by  setting 

G^(x)  :*  xk,  k  -  l,...,r, 
j  •  ior  each  x  6  n . 

G  k(x)  $k(x),  k  -  1, . . . ,n-r 

Then 

(4]  G(fi)  is  an  (r ,n;q) -manifold; 

[ii]  G  is  q -regular; 

(ill)  with  EX:  ]Rn  ■*  Kr  denoting  the  projection  map 
,  i.  i 

x  x  :*  (x  ,...,x  r),  G  :  G(ft)  -*■  Q  is  ju.it 
EX I  G(fl),  Ac  G  a  homeomcrplusm  o&  ft  onto 
G(n). 

PROOF.  (i)  We  show  that  G(Q)  C  lRn  fulfills  all  requirements 

i.  i 

of  [VI.  3] .  Set  U:*{x€lRn|  x  :*(x  ,...,xr)€n),  -t.e.  , 


\ 

I 


*'-1 


U  *  E*  (ft) .  Since  ft  is  open  in  ]Rr  and  5^  is  continuous, 
U  C  ]Rn  is  open.  Define  $:  U  -*•  ]Rn  r  by  setting 


4>k(x)  :■  x  ^-4»^(x^),  for  each  x  £  U, 


1, . . .  ,n-r . 


Obviously,  $  G  C^(UjIRn  r) .  We  have 


(x)  -  -<t»f .  (xA),  k  -  1 . r 

1k  K 

(x)  -6*,  k  *  1, . . .  ,n-r 
Jk 


x  S  u,  1  *  1, . . . ,n-r . 


It  follows  that,  for  x  €  u,  the  determinant  of  the  (n-r)* (n-r) 

submatrix  of  (4>*  (x)),  .  consisting  of  the  columns 

j  i < i<n-r , ±<j<n 

indexed  r  is  equal  to  one.  Thus,  rank  D$(x)  *  n-r 

for  each  x  e  U.  Observe  next  that  G(ft)  ■  {x  £  u|  4>(x)  ■  0}. 
For,  suppose  first  that  x  6  G(ft)  ,  x  *  G(x)  ,  x  €  ft.  Then 

x  -  (G  i(x),...,G  r(x))  *  x  €  ft,  so  x  G  U,  while  $  (x)  ■ 

x  *-4>*(x*)  -  G  £(x)-<l>*(x*)  -  <p £  (x)  — <+>  *  (it)  ■  0,  for  1  ■  l,...,n-r. 
Thus,  x  6  u  and  4>(x)  -  0.  On  the  other  hand,  if  we  begin  with 

x  €  u  for  which  $(x)  *  0,  then  x^  €  ft  and  x  ^  »  4>k(x*), 

X  *k  X  ^k 

for  Z  «  l,...,n-r.  Thus,  G(x  )  is  defined,  and  G  (x  )  ■  x 

for  k  ■  l,...,r,  G  ^(x^)  ■  $k(x*)  ■  x  ^  for  k  *  l,...,n-r,  so 

G(x*)  *  x,  and  x  6  G(ft). 


Now,  suppose  x  E  G(ft) .  Then  U  is  an  open  neighborhood  of 
x,  ♦  E  C^GJ;*0  r),  D$(y)  has  rank  n-r  for  each  y  €  u,  and 

GW'^U  *  G(ft)  ■  {y  E  u(  $(y)  "0).  We  conclude  that  G(ft)  is  an 
(r,n;q) -manifold. 
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(ii)  Referring  to  [VI.9.ii], 
takes  ft  onto  an  (r,n;q) -manifold, 
check  that  G  G  C^(ft;Kn)  and  that  G 
x  G  ft  and  l  m  1 , . . .  ,r,  we  find 

G.^i)  -  \  G^(i)e[n)  + 

k-1  k 


we  have  just  seen  that 
It  is  a  simple  matter  to 
is  injective.  Further, 


l 


m*l 


G 


for 


(n)  nrr  m  (n) 

“  ei  +  l  . 

I  m-1  -Jm 

so  that  the  coefficient  of  e(n)A...Ae(n)  in  the  expansion  of  the 

h  r 

product  G,^(x)A, . .AG.^fx) ,  -i.e.  ,  the  component  of  the 

latter,  is  just  1.  This  implies  that  JG(x)  :■  |G,^(x)A, . .AG>r(x) |  # 
0,  so,  by  [VI.  10. a],  rank  DG(x)  ■  r  for  each  x  G  ft.  G  is 
q-regular. 

i  i.  i 

(iii)  If  i  G  ft,  (  =  A|  G(ft))(G(x))  *  (G  J‘(x),...,G  r(x))  “ 

x.  If  x  G  G(ft)  ,  it  has  been  shown  that  x^  G  ft  and  C>(x)  *  0, 

whence  G(x^)  *  x.  Therefore,  G((E*|  G(ft))(x))  *  G(x^)  ■  x. 

This  proves  that  G-1  -  E*  |  G(ft) ,  so  G  G(ft)  -*•  ft  is 

continuous.  □. 


Regular  transformations  generated  as  in  [VI. 14]  are  homeo- 
morphisms  (into).  In  fact,  any  regular  transformation  possesses 
this  property  (we  already  know  this  to  be  true  in  the  case  r  *  n; 
cf.,  [Vl.lO.b]) : 

[VI.  15]  PROPOSITION.  Lex  ft  be  open  In  mr,  M  an 


f 

li 


L6- 


(r,n;q) -manifold  uiith  r  <  n,  and  g:  ft  -*•  M  bz  p -fizgulax.  Than 


[i]  g:  ft  ■*  M  it  an  open  mapping ; 


[ii]  g:  ft-»g(ft)  -it  a  h  om&omcapki&m. 


PROOF.  (i)  Let  us  show  first  that  g(ft)  is  open  in  M.  For 
this,  select  x  £  ft:  we  prove  that  x  possesses  an  open  neighborhood 
ft^  C  ft  such  that  g(ft^)  *s  °Pen  whence  the  fact  that  g (ft) 

is  open  in  M  shall  follow  immediately.  Let  U  c®n*  <!>g(x)  S 
C^(U  3Rn  r)  be  as  in  [VI.  3].  By  the  implicit  function  theorem, 
there  exist  an  open  neighborhood  Uq  C  U  ^  of  g(x) ,  an  increasing 
r-tuple  A  *  (i^,...,i  )  of  integers  in  {l,...,n},  an  open 
neighborhood  Vq  C  ]Rr  of  g(x)\  and  a  function  4  G  Cq(Vg3Rn  r) 
such  that 

{x  €  UQ|  *g^-j(x)  •  0}  -  (x  €]Rn|  xX  €  Vq,  x  k  ■  $k(xX), 

(1 

k  *  1,..., n-r } , 


where  )  is  the  increasing  (n-r)-tuple  complementary 

1  n—r 

to  A  in  {1, . . . ,n} .  Note  that,  since  frfUJ  ■  {x  €  U  .-.I 

g(x)  g(x) 

-  0), 

mv0  -  lieij  «g(i)(lt>  ’  0)' 

Define,  as  in  [VI.  14],  G:  Vn  ]Rn  according  to 


G  k(y)  yk,  k  -  l,...,r. 


for  each  y£  V„. 


,L 


■  -17- 

It  is  easy  to  verify,  using  (1)  and  (2),  that  G(Vq)  =  M~>Uq  .  Clearly, 
with  the  necessary  changes  in  notation,  the  hypotheses  of  Lemma 
[VI. 14]  are  fulfilled  in  the  present  setting,  so  we  can  assert 
that  G  is  a  q-regular  homeomorphism  of  Vq  onto  IT'Uq,  with 
inverse  G  ^  *  =X  |  (M^Uq)  :  M"iUq  -*■  Vq.  Now,  KHJq  is  a  relatively 
open  neighborhood  of  g(x)  in  M,  so  there  is  an  open  neighborhood 
G^  C  G  of  x  for  which  g(G^)  c  We  can  write  g(^)  “ 

G(G-1(g(Q^)))  ■  G(EX(g(G.))) ,  so  if  we  prove  that  EX(g(G^))  C  VQ 
is  open  (in  lRr  or  Vq)  ,  we  shall  have  g(Q^)  open  in 
(since  G  is  a  homeomorphism),  hence  open  in  M  (since  UQ  C  ]Rn 
is  open),  which  is  the  desired  result.  To  show  then  that  EX(g(C^)) 
is  open  in  ]Rr,  first  define  f:  G^  by  f  :*  EXo(g|  G-) . 

Since  g(fl.)  C  MT.U0  and  E^WMJq)  C  VQ,  f(G^)  C  VQ,  and  it  is 
easy  to  see  that  g|  G^  *  Gof,  in  view  of  the  fact  that  G  1  ■ 

EX|  (MHJq) .  The  injectiveness  of  g  and  EX|  (M^Uq)  imply  that 
f  is  injective,  while  it  is  clear  that  f  e  CP(G^^lr).  Whenever 
y  €  G^,  we  find  Dg(y)  *  DG(f (y))oDf (y) ;  since  rank  Dg(y)  *  r, 
we  infer  that  rank  Df(y)  -  r.  Thus,  f:  G^ -*•  ]Rr  is  p-regular, 
so  (cf.,  [Vl.lO.b])  EX (g(G^) )  -  f(G^)  is  °Pen  in  ®r-  As  noted» 
the  proof  that  g(G)  is  open  in  M  is  complete. 

Now,  to  prove  (i),  let  G  C  G  be  open.  Obviously,  g|  G 
is  p-regular,  so  the  reasoning  just  concluded,  with  G  replacing 
G  and  g|  G  in  place  of  g,  shows  that  g(G)  is  open  in  M. 

Thus,  g:  G  -*•  M  is  open. 

(ii)  We  need  only  verify  g  g(f.)  -*•  G  is  continuous. 
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■i.Z.  ,  that  g:  ft  -  g(ft)  is  open.  But  the  latter  fact  follows 
directly  from  (i) .  □. 


* 


We  should  like  to  identify  conditions  sufficient  to  ensure 
that  the  image  g(ft)  C  ]Rn  of  an  open  set  ft  C  }Rr  under  a  function 
g:  ft  -  3Rn  be  an  (r,n;q) -manifold  (for  r  <  n;  the  case  r  *  n 
is  already  taken  care  of).  The  following  fact  allows  us  to  do  this. 


[VI. 16]  LEMMA.  Let  r,n  €  ]N  iCcth  r  £  n,  and  q  £]NU{»}. 
SuppC'ie  that  ft  ii>  open  in  !IRr,  and  g  €  cq(ftdRn).  Let  x  €  ft 
icith  rank  Dg(x)  -  r.  Thzn  f/ietc  z>cu>ts>  an  open  n&ighbcihccd  cj 
x,  ft^  c  n,  4uc k  that  g(^x)  ii>  a.n  (r,n;q)  -manifold. 

PROOF.  If  r  ■  n,  the  proof  follows  from  the  inverse  function 

theorem,  so  we  suppose  r  <  n.  Since  Dg(x)  has  rank  r,  there 

is  an  increasing  r-tuple  X  -  (i^,...,!^)  of  integers  in  (l,...,nj 

such  that  Jg\x)  4  0,  where  g^  €  Cq(ft;IRr)  is  the  function 
i.  i 

x  !-*■  (g  (x),...,g  (x)),  x  £  ft.  By  the  inverse  function  theorem, 

there  exists  an  open  neighborhood  ftx  C  ft  of  x  such  that  g\ftx) 

is  open  in  1R  ,  Rq  g  I  ftx  is  a  horaeomorphism  of  ftx  onto 

g>(ft  ),  and  g*  €  Cq(gX(ft  ) ^Rr) .  Let  (j  )  be  the 

x  u  x  i  n-r 

increasing  (n-r) -tuple  of  integers  complementary  to  X  in 
{l,...,n},  and  define  G:  g*(ftx)  -*•  ]Rn  by 


(y) 


k 


(y)  :> 


j 

g 


-1 

)  (y) . 


l,...,r, 
k  ■  1 , . . . ,n-r 


for  each 


(-V- 
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Since  g  ko(gg  )  €  Cq(gA(nx)),  for  k  »  l,...,n-r,  and  g  (Qx> 
is  open  in  lRr,  we  can  apply  Lemma  [VI. 14]  to  assert  that 
G(g*(J2))  is  an  (r,n;q)-manifold. 


We  claim  that  gj  &x  *  Gog^;  once  this  has  been  substantiated, 
there  shall  follow  g(^x)  *  Gog^C^)  =  an(*  c^e  Pro°^ 

shall  be  complete.  Suppose,  then,  that  y  €  n  .  For  k  *  l,...,r, 


(y) 


(g")k(y) 


(gj)k(y) 


(gg(y>> 


(Gcg£)\y), 


while,  for  k  -  l,...,n-r, 

g  k(y)  “  g  k°(gg  )cgg(y)  *  G  k°gg(y> 

whence  it  does  follow  that  g|  *  G°gg- 


*  (Gog*)  k(y) , 
□  . 


[VI. 17]  PROPOSITION.  Let  r,n€]N  iMith  r  <_  n,  and 
q  ewu{«>}.  Let  n  be  non-void  and  open  in  ]Rr.  Suppcic  that 
g :  n  -*■  ]Rn  and 

U)  g:  ti  -*•  g($)  ii  a  homeomoxpkiim, 
lii)  g  €  cq(fiiIRn), 

and 

(iiij  rank  Dg(x)  -  r  fiox  each  x  6  Q. 


Then  g(G)  ii  an  (r,n;q) -manifold,  and  g  ii  q-xegaia\. 

PROOF.  In  view  of  conditions  (i)-(iii)  on  g,  the  q-regularitv 
of  g  will  follow  as  soon  as  it  is  known  that  g(n)  is  an 
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(r,n:q)-manifold.  To  prove  the  latter,  choose  x  £  0.  According  to 
[VI. 16],  there  exists  some  open  neighborhood  C  £  of  x  such 
that  gCfi^)  *s  an  (r,n;q) -manifold.  Since  g:  £  ■+  g(f.)  is  a 
home omorph ism,  g($x)  is  relatively  open  in  g(fi)  and,  of  course, 
contains  g(x) .  Thus,  each  point  of  g(fi)  possesses  a  relatively 
open  neighborhood  in  g(fl)  which  is  an  (r,n;q)-manifold.  As  we 
pointed  out  in  [VI. 4. b],  this  implies  that  g(0)  itself  is  an 
(r,n;q)-manifold.  □. 

As  promised,  we  introduce  the  idea  of  a  coordinate  ii/i-tem  in 
a  manifold. 

[VI. 13]  DEFINITIONS.  Let  M  be  an  (r ,n;q) -manifold 
(r  <_  n) .  A  non-void  relatively  open  subset  U  of  M  is  called  a 
coordinate  patch  on  M  iff  there  exists  a  function  h:  U  -*•  !Rr 
such  that 

(i)  h(U)  is  open  in  ]Rr, 

(ii)  h:  U  -*•  h(U)  is  a  homeomorphism, 

(iii)  h"1  €  cq(h(U)  0Rn), 

and 

(iv)  rank  Dh  ^(x)  *  r  for  each  x  €  h(U) . 

Whenever  U  is  a  coordinate  patch  on  M,  and  h:  U  -*•  lRr  satisfies 
(i)-(iv) ,  h  is  called  a  coox dinate  function  &cr  U,  and  the  pair 
(U,h)  is  called  a  coordinate  <Jwl£em  in  M.  ■. 


fa 
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The  inverses  of  q-regular  transformations  generate  the 
coordinate  systems  in  an  (r,n;q)-manifold: 

[VI. 19]  PROPOSITION.  Let  M  be  an  (r,n;q  )-mni£c£d. 

A  non-void  iub-iet  u  c  m  ii  a  coordinate  patch  on  M  -to  4  U  -  g(r.) 

Acme  q- regular  tram  formation  g:  n  ■*  m,  where  n  m  open 
in  Rr.  hi  the  latter  ca&e,  (U,g_1)  i*  a  coordinate  i yUem  in  M. 

PROOF.  If  U  is  a  coordinate  patch  on  M,  then  U  *  h  ^ ( h ( U ) ) 
for  some  coordinate  function  for  U.  h(U)  is  open  in  1R  ,  and  it 
is  clear  that  h”1:  h(U)  -►  M  is  q-regular. 

Conversely,  suppose  U  C  M  is  non-void,  and  there  exist  an 
open  set  Q  C  ]Rr  and  a  q-regular  transformation  g:  0  -*•  M  such 
that  U  -  g(.Q).  By  [VI. 15]  (or  [Vl.lO.b],  in  case  r  -  n) , 
g:  n  -+  M  is  open,  and  g:  $2  g(ft)  is  a  homeomorphism.  Thus, 

U  *  g(0)  is  open  in  M,  and  it  is  a  simple  matter  to  check  that 
g-^:  u  -*■  n  *  g  ^"(U)  is  a  coordinate  function  for  U,  i.e.  ,  that 
(U,g-1)  is  a  coordinate  system  in  M.  □. 

In  addition  to  providing  another  criterion  which  can  be  used 
to  identify  an  appropriate  subset  of  some  lRn  as  a  manifold,  the 
following  theorem  asserts  that  any  manifold  has  sufficiently  many 
coordinate  patches  to  form  a  covering  of  the  manifold.  In  fact, 
the  latter  property  characterizes  the  manifolds  amongst  all  subsets 
of  a  given  Euclidean  space. 

[VI. 20]  THEOREM.  Let  r,n  €  ]N  with  r  <_  n,  and  q  S  lNU{°c 
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A  non-void  iet  M  C  ]Rn  i.i  an  (r,n;q) -manifold  ijj  there  exxiti  a 
family  o&  pat n  {(u^.h^))^  4uc/t  -t/ia£ 

(-c )  U ^  c  m  -ci  non-void  and  -relatively  open,  &01  each 
i  €  I,  and  {iM^j  ii  a  covering  c£  M, 

{ii)  facr  each  \  e  i,  h^:  -*■  iRr  ti  a  homomorphism  of, 

onto  an  open  iet  in  3Rr,  iuch  that  h"1  6 
Cq(h^  (U^ )  ;]Rn) ,  ulith  rank  Dh^(x)  *  r  ^ or  each 
x  €  h  (U  )  . 

i  i 


PROOF.  Suppose  first  that  M  is  an  (r,n;q)-manifold.  If  r  •  n, 
then  {(M,i)},  where  i:  M  -*■  3Rn  is  the  identity  on  M,  fulfills 
the  requirements  of  (i)  and  (ii) ,  so  we  may  suppose  r  <  n.  We  shall 


show  that  each  point  of  M  lies  in  a  coordinate  patch  on  M,  i.C. , 


whenever  x  6  M,  there  is  a  coordinate  system  (U  ,h  )  with 

X  X 


x  €  U  . 
x 

ments . 


The  collection  {(U  ,h  ) }  shall  then  fulfill  the  require- 
x  X  xQi 

Then  choose  x  €  M.  Let  U  CEn  and  4  £  Cq(U  0Rn-r) 

X  X  X 


be  as  in  Definition  [VI. 3].  We  repeat  the  construction  carried  out 


at  the  beginning  of  the  proof  of  [VI. 15]:  according  to  the  implicit 

function  theorem,  there  exist  an  open  neighborhood  C  U  of  x 

in  ]Rn,  an  increasing  r-tuple  \  ■  (l^,...,i  )  of  integers  in 

r  x 

{l,...,n},  an  open  neighborhood  Vq  C  ]R  of  x  ,  and  a  function 
♦  €  Cq(V0 0Rn  r)  such  that 

{y  €  u0!  <^x (y)  -  0}  -  {y  eiRnj  yX  €  VQ,  y  k  -  $(yX), 


k  *  1, . . . ,n-r) , 
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where  ( , . • . , Jn_r)  is  c^e  increasing  (n-r)-tuple  complementary 
to  X  in  {1, . . .  ,n} .  Once  again,  we  have  PTUq  *  (y  £  UQ  j  $x(y)  *  0;, 
and  G(Vq)  ■  >PUq,  where  G:  Vq  -*■  IRn  is  defined  by 

-  -k 

G  (y)  y  ,  k  -  l,...,r, 
j  •  for  each  y  £  Vq. 

G  k(y)  4>k(y).  k  -  l,...,n-r  j 

According  to  Lemma  [VI. 14],  G:  Vq  -*■  M  is  a  q-regular  homeomorphism 
of  the  open  set  Vq  C  ]Rr  onto  the  relatively  open  neighborhood 
MOJq  of  x  in  M,  with  G-1:  M'UQ  -  Kr  being  just  Z*j  OTU)  . 
Clearly,  (MHJq,  E* 1  ({■PUq))  is  then  a  coordinate  system  in  M, 
with  x  €  M^Uq.  As  noted,  this  implies  the  necessity  of  the  stated 
condition. 

To  prove  the  sufficiency  (now,  r  £  n) ,  suppose  that  there 

exists  {(Ut  ’hi)}t£i  with  properties  (i)  and  (ii).  Choose  x  £  M, 

then  \  €  I  with  x  €  U  .  Then  h  (U  )  is  open  in  IRr,  h  : 

i  i  t  r  i 

h^dJ^)  •*  is  a  homeomorphism,  with  h^  €  C°(ht  (lO  ;3Rn)  and 
rank  Dh^(y)  *  r  for  each  y  €  h^U^).  Proposition  [VI. 17]  allows 
us  to  conclude  that  ■  h^(h^(U^))  is  an  (r,n ;q)-manifold . 

By  (i),  is  open  in  M.  Thus,  each  point  of  M  lies  in  a 

relatively  open  subset  of  M  which  is  an  (r,n;q)-manifold,  whence 
M  itself  is  an  (r,n; q)-manifold  (cf.,  [VI. 4. b]).  □. 

It  is  important  to  point  out  the  necessary  relationship 


between  coordinate  systems  with  "overlapping"  coordinate  patches. 

We  shall  consider  only  the  case  r  <  n,  since  the  inverse  function 
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theorem  can  be  used  to  prove  the  corresponding  statement  for  r  *  n. 


[VI. 21]  PROPOSITION.  Let  M  be  an  (r ,n;q) -mani$c£d, 
r  <  n,  and  (U^,h^),  (U^.h^)  coordinate,  -it/itemi  in  M  ivith 


U.nU2  +  <t> .  Define 

*12  hl°<h21 1 

h2(UlP’U2)): 

h2(uru2}  ■*mr* 

♦21  VK1! 

hl(Uir'U2)): 

VW  *1rT- 

Then 


and 


U)  hi/uiniV  and  *2(W  are  open  in  mr, 

Uil  $12  li>  a  komeomorplii&m  o&  h^U^l^)  onto  h1(Uinu2), 
and  -  *21. 


Itii)  <p12  and  *21  are  q-regtUar, 


Uv)  hj  (U^-Uj)  -  012o<h2l  (U^)), 

h"1!  h1(u1">u2)  -  hj1©* 


h2 1  (W  -  ♦21°(h1|  (U^U2)), 

h'1! 


PROOF.  (i)  Since  1’2  is  open  in  M,  U^<~>U2  is  °Pen  in  . 
Thus,  h^OJ^Uj)  *s  °Pen  in  ®r»  since  h^:  -*•  h^(U^)  is  a 

homeomorphism  and  h^(U^)  is  open  in  !Rr.  Similarly,  VW 
is  open  in  Hr. 
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(ii)  This  is  obvious. 

(iii)  Let  us  show  that,  <j>^2  q-regular:  since  we  know 

that  $12  is  injective,  it  suffices  to  show  that  each  x  £  h^U^l^) 
has  an  open  neighborhood  C  h^U^l^)  such  that  <^2  |  V^  € 
C^(V^jlRr),  with  rank  Di$^2(y)  *  r  for  each  y  £  V^.  Then,  choose 

x  £  h2(U1nU2).  Set  x  -  h^Cx).  Since  $12(x)  *  h^h^x)),  we 

also  have  x  ■  h^^($^2(x)).  Let  Ux  C  ]Rn  be  an  open  neighborhood  of 

x,  and  $  £  C^(U  ;IRn  r)  as  in  Definition  [VI. 3].  Let  U„  C  U 

x  x  Ox 

be  an  open  neighborhood  of  x,  A  *  (i^,...,i  )  an  increasing 
r-tuple  of  integers  in  (l,...,n),  Vq  C  ]Rr  an  open  neighborhood  of 
x\  and  <p  £  Cq(Vg;Rn  r)  such  that 

W'Uq  -  (y  £  UQj  $x(y)  -  0} 

-  {y  £  lRn |  yX  €  Vq ,  y  k  *  $(yX) ,  k  *  l,...,n-r}, 

where  )  is  the  increasing  (n-r)-tuple  complementary  to 

A  in  {l,...,n}.  We  can  find  an  open  neighborhood  C  h^OJ^Uj) 
of  $^2(x)  such  that  h^(fi^)  C  MHUq,  and  an  open  neighborhood 
^2  C  ^2^1^2^  *  such  that  h2^(f22)  C  M^Uq,  since  h^1  and 

h2^  are  continuous,  M"UJq  is  a  neighborhood  of  x  in  M,  and 
x  -  h2*(x)  -  h^ (C^2 (x) ) .  We  define  f^:  -+lRr,  f2:  P-2  -*•  ]Rr  by 

f1  Qj), 

f2  EXo(h~1 |  fi2) . 

Just  as  in  the  proof  of  (VI. 15],  using  the  auxiliary  function 


G€  Cq(VQ^Rn)  given  by  (VI. 15. 3) ,  we  can  show  that  h'1]  -  Gcf 

and  h2 “  Gof^,  anc^  so  c^at  f^  an<*  *2  are  d-regular; 
the  details  can  be  easily  supplied,  so  we  omit  them  here.  Using  the 
inverse  function  theorem  (cf.,  [VI.lQ.b]),  it  follows  that  f^.Q^) 
is  open  in  ]R  ,  and  f  :  f^fi^)  ■+ 3R  is  q-regular,  for  i  -  1,2. 
Now,  f 2 Cx)  «  H^Ch^Cx) )  -  HX (h^1  C d>i2 ^> > >  “  6 

so  f^(J2^)  is  an  open  neighborhood  of  f2(x),  showing  that  we  can 
choose  an  open  neighborhood  C  of  x  such  that  C 

f  1  (^1  ^  *  Then  fi1(f2^))  *s  whenever  y  €  V^,  and  it  is 

a  simple  matter  to  check  that  *  ^i^(f2(y))  for  each 

y  €  V^.  Since  f2  and  f  ^  are  q-regular,  we  can  conclude  that 
0. _ |  V.  €  Cq(V-;3Rr)  and  rank  D017(y)  *  r  for  each  y  £  V. . 

As  noted,  this  completes  the  proof  that  is  q-regular.  The 

proof  that  ^  is  q-regular  can  be  given  in  a  similar  manner  or 
by  simply  noting  that  * 

(iv)  These  equalities  are  easy  to  check.  □. 

[VI. 22]  REMARK.  Suppose  that  M  is  an  (r,n;q)-manifold, 
and  (U,h)  is  a  coordinate  system  in  M.  It  is  clear  that  if 
U  C  u  is  open  in  M,  then  (U,  h)  U)  is  also  a  coordinate 
system  in  M.  Also,  whenever  $:  h(U)  -*■  1R  is  q-regular,  then 
(U, d-ch)  is  another  coordinate  system  in  M. 

We  turn  next  to  the  definitions,  and  certain  elementary 


properties  of,  classes  of  smooth  functions  on  a  manifold  into  a 
Euclidean  space. 
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(VI. 23]  DEFINITIONS.  Let  M  be  an  (r  ,n;q)-manifold, 
men,  and  f:  M  -*•  ]Rm. 


(i)  f  €  C^M-JR1")  iff  the  function  foh'1  is  in 

Ck(h(U)  :]Rm)  whenever  (U,h)  is  a  coordinate  system 
in  M. 


(ii)  Let  f  €  Ck(M^Rm)  and  x  €  M.  Then  we  define  the 

ACUifc  0j$  f  at  x  to  be  rank  D(fch  ^)(h(x)), 

where  (U,h)  is  a  coordinate  system  in  M  with  x  6  U. 

Further,  we  define  tilt  dL^ZXZnZijOiJL  0 £  f  at  x  to 

be  the  linear  operator  Df(x):  T_,(x)  ■*  IR™  given  bv 

M 

Df(x)  D(foh"1)(h(x))o{Dh“1(h(x))}‘1,  (1) 

where  (U,h)  is  a  coordinate  system  in  M  with 

x  €  U  (recall  that  we  established,  in  [VI. 12],  the 
-1  -1  r 

notation  {Dh  (h(x))}  :  Tu(x)  -*■  ]R  for  the  inverse 

n 

of  the  operator  Dh~*(h(x))  taking  ]Rr  onto  T^Cx) , 
since  h  h(U)  -*  M  is  q-regularj  cf . ,  [VI. 11]). 


(iil)  Let  f€Ck(M;3Rm).  We  define  Jf:  M-  (0,°°)  vta 


Jf(x) 


|  Df (x)T1(x)A. . ,ADf(x)Tr(x) 
|T1(x)A...ATr(x) | 


for  each  x  6  M, 


(2) 


where  {T, (x),...,T  (x)}  is  a  basis  for  T.,(x),  for 
l  r  w 


each  x  e  M. 
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(iv)  f:  M  -*•  ]Rm  is  a  k-t/nbzdding  iff 

(1)  f:  M  -*  f(M)  is  a  homeomorphism, 

(2)  f  e  Ck(M;]Rm) , 
and 

(3)  the  rank  of  f  at  x  is  r,  for  each  x  €  M.  ■. 

[VI. 24]  REMARKS.  Maintain  the  notation  of  [VI. 23]. 

(a)  Suppose  that  f  €  Ck(M;Ilm)  and  x  e  M.  Let  (U  h^ , 

( U 2 •. h 2 )  be  coordinate  systems  in  M,  with  x  6  Then 

(foh2X)  (h2(y))  -  (fch"1)o?12(h2(y)) ,  for  each  y  £  U^Uj,  with 
512  as  in  [VI. 21].  Since  *12  €  Cq(h2 (U^U  )  ;Rr) , 

D(foh21)(h2(x))  -  D(foh^1)(h1(x))oD«12(h2(x)),  (1) 

since  <i)12(h2(x))  -  h1(x).  Again  by  [VI. 21],  rank  DC12(h2(x))  -  r, 
so  we  conclude  that  rank  DCfoh"1) (h2(x) )  -  rank  DCfoh"1)  (h^x) ) . 

Thus,  the.  Jieuik  06  f  at  x  is  well-defined  in  [VI.23.ii]. 

(b)  Continuing  the  setting  introduced  in  (a) ,  we  can  write 
D*12(h2(x))  *  (Dh“1{h1(x))}~1oDh“1(h1(x))oDc12(h2(x)) 

-  {Dh"1(h1(x))}-1oD(h21o$12)(h2(x)) 

-  {Dh^1(h1(x))]'1oDh21(h2(x))> 


so  (1)  gives 
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D(foh21)(h2(x))o{Dh"1(h2(x))}_1 
»  D(foh11)(h1(x))oD4i12(h2(x))o{Dh21(h2(x)) }  1 
-  D(f°h^1)(h1(x))o{Dh"1(h1(x))}~1, 

which  shows  that  Df(x)  is  well-defined  by  (VI. 23.1).  Observe  that, 

since  {Dh  ^(h(x))}  *  takes  T„(x)  onto  IRr,  it  follows  from 

M 

(VI. 23.1)  that  the  rank  of  f  at  x  is  simply  equal  to  rank  Df(x). 

(c)  Let  {T^x)}*^  and  ^T2i^X^i=*l  be  bases  for  TM^X)  • 
It  is  shown  in  Fleming  [15]  that  there  exists  a  constant  a  €  ]R 

such  that  T21(x)A. . .AT2r(x)  ■  aT.j^(x)A. . -AT^  (x)  and 
Df  (x)T21(x)A. .  .ADf  (x)T2r(x)  *  aDf  (x)T^(x)A. .  .ADf  (x)T^(x)  .  From 
this,  it  is  clear  that  Jf(x)  is  independent  of  the  basis  chosen  to 
compute  it  by  (VI. 23. 2),  hence  that  Jf  is  well-defined. 

(d)  There  is  a  consistency  question  which  should  be  resolved: 
when  M  is  an  (n,n;q)-manifold,  i.Z.  ,  a  non-void  open  set  in  ]Rn, 
and  f  6  C<1(MilRin),  then  Jf :  M  •*  [0,«)  has  already  been  defined, 

in  [VI. 9. i].  It  turns  out,  cf.,  [VI. 28],  •Otfl'Ut,  that  Cq(M3Rm)  * 
Cq(M^Rni)  in  this  case,  from  which  it  is  easy  to  see  that  the 
definitions  [VI. 9. i]  and  [VI.23.iii]  are  in  fact  consistent. 

(e)  Observe  that  Jf(x)  >  0  iff  rank  Df(x)  ■  r,  iff  the 
rank  of  f  at  x  is  r.  For,  if  Jf(x)  >  0,  then 

Df  (x)T1(x)A. .  ,ADf(x)Tr(x)  i  0,  so  {Df  (x)Ti(x)  is  linearly 

independent,  by  the  properties  of  the  exterior  product.  Thus, 
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rank  Df(x)  >  r.  But  dim  Tw(x)  ■  r,  so  we  alwavs  have  rank  Df(x)  < 

—  M  '  — 

r,  so  equality  must  hold.  Conversely,  if  rank  Df(x)  *  r,  then 
Df(x):  T_,(x)  ■*  is  an  injection,  since  dim  T.,(x)  *  r.  The 
linear  independence  of  {T^x)}^^  then  implies  the  linear 
independence  of  {Df  (x)T^  (x)  ,  so  Df (x)T^ (x)A. . .Aof (x)Tr (x)  #  0, 

and  Jf(x )  >  0. 

(f)  Let  (U,h)  be  a  coordinate  system  in  M.  h  h(U)  -*• 

]Rn  is  q-regular,  with  h  '''(h(U))=U  C  M.  From  [VI. 11],  the  collec¬ 
tion  (h,^(h(x))  *  Dh  ^(h(x)  )e^  ,  forms  a  basis  for  T  (x) ,  for 

i  l  i“i  M 

each  x  €  u.  We  find,  from  (VI. 23.1),  the  especially  simple  form 

Df(x)hT^(h(x))  -  D(foh-1)(h(x))e^r)  -  (foh"1),i(h(x)),  (2) 

for  the  images  of  ]Rm  of  these  particular  basis  vectors,  for 

f  €  i  *  l,...,r,  and  x  6  u.  Consequently,  we  have  the 

representation 

| (foh-1) ,  (h(x))A. . .A(foh_1) ,  (h(x)) | 

J f (x)  *  - : - : -  ,  for  each  x  €  U,  (3) 

|h7j(h(x))A...Ah7^(h(x))| 

valid  whenever  M  is  an  (r,n;q)-manifold,  (U,h)  is  a  coordinate 
system  in  M,  and  f  e  C^(MiRm).  Of  course,  {h,^(h(x))}*m^ 
is  linearly  independent,  so  the  denominator  in  (3)  is  non-zero, 
for  each  x  €  u. 

[VI. 25]  PROPOSITION.  lit  M  be  an  (r,n;q)-ma»vij5c£<i, 
and  f  e  Ck(M;Rm) .  Then 
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U)  f  is  continuous : 

[■Li)  J f  is  continuous. 

00 

PROOF.  (i)  Let  (xn)^  be  a  sequence  in  M,  converging  to 

some  x  €  M.  Let  (U,h)  be  a  coordinate  system  in  M,  with  x  €  U. 

Then  U  is  a  relatively  open  neighborhood  of  x  in  M,  so  x  €  u 

n 

for  all  n  greater  than  some  n-  £]N.  We  have  lim  h(x  )  ■  h(x), 

u  n 

n  -*■  » 

and  so,  since  foh  1  €  C(h(U)  JR1”) , 

lim  f (x  )  -  lim  (foh_1)(h(x  ))  =  (fotT1) (h(x) )  *  f (x) . 
n  n 

n  -*■  ®  n  -*■  00 

Thus,  f  is  sequentially  continuous,  hence  continuous,  on  M. 


(ii)  Choose  Xq  6  V.  Let  (U,h)  be  a  coordinate  system  in 

M,  with  xQ  €  U.  For  each  x  €  U,  Jf(x)  is  given  by  (VI. 24. 3). 

Now,  xi-  h7j(h(x))  is  in  C(U;®r),  x  l-  (foh'1) ,.(h(x) )  is  in 

C(U^Rm) ,  for  i  *  l,...,r,  while  (a,,..., a  )  J-  a  A...Aa  is 

1  r  1  r 

continuous  on  either  QRr)r  into  ]Rr  or  0Rm)r  into  ]Rm,  as 

r  r 

the  case  may  be,  and  the  norm  on  any  IR^  into  [0,®)  is  also 
continuous.  Since  rank  Dh  ^(h(x))  *  r  for  each  x  €  U, 
h,^(h(x))A. . .Ah,^(h(x))  i4  0  for  each  x  6  U.  These  facts,  coupled 
with  (VI. 24. 3),  show  that  Jf  is  continuous  on  U,  hence,  in 


particular,  at  xn.  Then  Jf  is  continuous  on  M. 


□  . 


The  following  improvement  of  [VI.25.i]  is  important. 


(VI. 26]  PROPOSITION.  Lit  M  bz  an  (r ,n;q)-matuicid, 
and  f  €  C1(M^Rra),  some  n  £  H.  Then,  uiicncvci  K  is  a 
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compact  iubict  03  M,  f  [  K  -Li  LipidvLtz  ccutinucui ,  -i.z.,  thz te 
ooci-ti  an  ^  >  0  buck  that 


f(y2)-f(yl)lm-aK,  f-IVyl!n> 


601 


yl,y2  6 


K. 


(1) 


PROOF.  Select  any  x  €  M.  As  in  the  proof  of  Theorem  [VI. 20], 
we  can  find  an  open  neighborhood  of  x  in  IRn  and  an  increasing 

r-tuple  X^  *  (ij,...,!^)  from  {l,...,n}  such  that  (W^.k^)  *s  a 
coordinate  system  in  M,  where 


W,  bnu.  , 
k  Ox 


X 

-  x  1 


bru 


Ox’ 


*  K 

X  x 

Thus,  k^W^)  ”  -  (M~>Uqx)  *S  an  °Pen  neighborhood  of  x  :  = 

T 

E  (x)  in  K  :  let  c  denote  a  positive  number  such  that 
X  X 

Br  (x  x)  C  k  (W  ) ,  and  then  let  6  >  0  be  such  that  both 

e  x  x  x 

X  X 

B"  (x)  c  u.  and  k  (fTfi"  (x))  C  Br  (x  X)  hold.  Note  that  k 
6  Ox  x  6  e  > 

X  XX 

is  Lipschitz  continuous  on  W  :  indeed,  whenever  y. ,y~  £  W  , 

X  lb  X 


|kx(y2)-kx(yl)|r 


X 

1-  x 


<y2>-=  <yx> lr  i  ly2-yiln- 


(2) 

(3) 


(4) 


Now,  since  f  €  C^(M;Rm),  we  know  that  fok  ^  e  (kx(W^)  JRm) . 

In  particular,  the  partial  derivatives  of  fok  ^  are  bounded  on  the 

X  x 

compact  subset  Br  (x  x)  of  k  (W  )  . 
x 


Let  K  be  any  compact  subset  of  M,  and  choose  a  finite 
set  {x,  .  C  K  such  that  the  collection  {bT'B1?  (x  )  }^  of 

1  1*1  u  /  *%  X  1*1 

x^/2 
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,  N 

open  subsets  of  M  covers  K.  Write  6  min  {6^/2}^^.  Suppose 
that  y  ,y  €  K.  Assuming  first  that  we  have 

|f(y2)-f(y1)lm  -  (lf(y2)"f(yl)1m/ly2“yl,n)‘|y2-ylln 

-  I  "2  S^v  lf(y)im*ly2-ylln’ 

y  €  K 


(5) 


in  which  sup  [f(y)|  <  °°,  since  f  €  C(M;K  ),  by  [V1.25.i]. 

y  6  K 

Next,  assume  that  0  <  | y2— I n  <  5 '  Denoting  by  j  an  element  of 
such  that  y.  6  M'ib"  (x.)  C  W  ,  it  is  clear  that  we 

i  0  y  o  J  X  . 

Xj/2  j 

also  have  y ^  e  iru”  (x.)  C  W  ,  since  j y 2 .  ( n  £ 

*3  '  1 

| y_  — y, I  +|y  ,-x,|  <  6+6  / 2  <  6  .  Moreover,  we  then  have 
1 2  l'n  I71  j  n  x.  -  x 

j  2 

X  X 

x .  x . 

k  (y, ) ,  k  <y  )  e  Br  (x.  J),  Since  k  (}Tb"  (x  ))  C  (x  J ) , 

J  J  3  i  xj  xi 

by  the  first  part  of  the  proof.  Consequently,  we  can  apply  the  mean- 
value  theorem  to  write 


-1, 


1  !D(fok”1)(z)(k  (yj-k  (y,) )  I 
3  Xj  j 

f  m  r  ,  .  „  -11/2 

4-1  fc«l  j  ; 

•Ik  <y2)-k  (y.) | 
xj  j 


(6) 
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j,nving  used  (4),  where  z  is  some  point  on  the  line  segment  joining 
V  (y  )  and  k  (y»)  (which  are  distinct,  since  y,  i  y_),  an ^ 

1  X,  L  J-  ^ 

i  i 


K,f  • 


max 


1  <  p  <  N 


max 


{m  r 

I  I 

i-1  it«l 


{(f0kx1)’i(i))2 

P 


1/2 


[ z  €  Br  (x  P)“ 

V  £  p 

X  r 


In  any  case,  (1)  holds  with  a^  ^  max  jy  max  |f(y)!m,  ^  f 


as  (5)  and  (6)  show.  □. 


[VI. 27]  PROPOSITION.  Lei  M  be  an  (r,n;q  )-manifald, 
men,  and  k  €  ]NU{«}  with  k  <_  q.  Let  f:  M-*-®1”.  Then  f  £ 
Ck(M;®m)  ifa  thexe  exi&tb  a  family  oi  ecoxdinaie  system 
{(U  ,h  )}i€l  in  M  iueh  that  {Ut>i€i  coven  M,  and  foh'1  6 
Ck(hi(Ui)iKm)  fax  each  x  €  i. 

PROOF.  From  Definition  [VI.23.i]  and  Theorem  [VI. 20],  the 
condition  is  obviously  necessary. 


Now,  suppose  {(Ui,hi)}i€j  Is  a  family  of  coordinate  systems 
in  M  possessing  the  stated  properties.  Let  (U,h)  be  any  coordinate 
system  in  M:  we  must  show  that  foh  1  €  Ck(h(U)  dRm) .  Choose 
x  G  h(U),  then  i  €  I  such  that  h  ^(x)  €  .  Then  U^nU  i  0, 

open  in  U,  and  h(U^°U)  is  an  open  neighborhood  of  x  in  ®  . 

Set  <t  :«  h ^ o (h-1 1  hdJ^u)).  Then  <Kh(U^U))  Ch;(U;),  and,  just 
as  in  [VI. 21],  *  6  Cq(h(U^);Er).  Clearly,  (foh-1)  |  h(U^'U)  - 

(foh^)o$.  Since  it  is  known  that  foh^  €  Ck(h^  (U ^ )  ^Rm)  and 


-35- 


k  1  q,  we  conclude  that  (foh_1)  |  h(l'  nu)  €  Ck(h (U^U)  jR1")  . 

-1  k 

Thus,  fob  is  of  class  C  in  a  neighborhood  of  each  point  of 
h(U) ,  so  that  foh"1  €  ck(h(U) ;Hm) .  □. 

[VI. 28]  REMARK.  Let  C  ]Rn  be  non-void  and  open,  i.e.,  an 
(n,n;q) -manifold  (for  any  q  €UVJ{®}).  The  single  coordinate  system 
(0,1^),  where  i^:  fl  ■*  Hn  is  the  identity  on  fi,  covers 
Let  f:  0  -*■  ]Rm.  Directly  from  [VI. 27],  f  €  Ck(fi;]RIn)  for  some 

k€]NU{«}  iff  fci"1  €  Ck(in(n)  -JRm) ,  i-C.,  iff  f  €  ck(r.0Rm) . 

Thus  Ck(fi;IRm)  *  Ck(fli!Rm) ,  in  this  case,  for  each  k 

[VI. 29]  PROPOSITION.  Let  M  be  an  (r,n;q )-mani£c£d, 

N  a  (p,m;s) -manifold,  and  f  e  Ck(M^Rn),  uUth  f(M)  C  n.  Then 

(i)  &ox  each  x  €  M,  Df(x)TM(x)  C  T^(f (x) ) ; 

iii)  i^  p  «  r  and  the  xank  o&  f  at  x  £  M  ib  r,  ox 
Jf(x)  >  0,  then  Df(x)TH(x)  -  TN(f(x)),  and  Df(x) 

■Lb  injective. 

PROOF.  (i)  If  p  -  ra,  then  N  is  a  non-void  open  set  in  IR1” 
and  the  result  is  trivially  true,  since,  for  x  £  M,  Df(x): 

T,.(x)  -*■  lR1”  *  T., (f  (x) ) .  Suppose  then  that  p  <  m.  Choose  x  €  M. 

Let  c  be  an  open  neighborhood  of  f(x)  and  '5>f(x)  e 

CS(Uf ^  0Rm~P)  be  as  in  Definition  [VI. 3]  for  the  (p,m;s)- 
manifold  N.  Let  (U,h)  be  a  coordinate  system  in  M  with 

x  €  M.  Since  f  is  continuous  ([VI.25.i]),  f  is  an  open 

neighborhood  of  x  in  M,  while 
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w(f0h_1  )(h(y)))  »  (x)  (f  (y) )  *  0  whenever  y  £  IT'f 

Since  hClPf  is  an  open  neighborhood  of  h(x)  in  Rr, 

foh'1  €  Ck(h(U);Rm),  and  4>f(x)  €  CS(Uf  (x)  ;Rm~p)  ,  the  composite 
function  theorem  shows  that  D$f ^  (f (x))oD(foh-i) (h(x))  is  the 
zero  operator  on  Rr  into  Rm~p.  Thus,  for  each  T  €  TM(x) , 

D4>f(x)(f(x))oD(foh"1){h(x))0{Dh'1(h(x))}“lT  -  0, 

or 


D$f(x)(f(x))oDf(x)T  -  0. 

Since  T^CfLx))  *  ker  (f  (x)  )  ,  by  [VI. 6],  we  conclude  that 

Df (x)T  €  T^(f (x) )  for  each  T  €  TM(x) .  This  proves  (i). 

(ii)  Now  we  know  that  the  rank  of  Df(x):  Tw(x)  -*•  Rm 

is  r,  dim  TN(f(x))  «  r,  and,  by  (i) ,  Df(x)TM(x)  CTN(f(x)),  so 

we  must  have  equality:  Df(x)TM(x)  -  T„(f(x)).  Since  dim  Tjx)  =  r 

W  N  M 

and  rank  Df(x)  -  r,  Df(x)  is  injective.  □. 

It  is  essential  to  have  a  reasonable  condition  under  which 
the  image  of  a  manifold  is  also  a  manifold.  More  precisely,  we  have 
the  following  statement. 

[VI. 30]  THEOREM.  Let  M  6e  an  (r  ,n;q)  -maniac  id,  m  €  u, 
and  k  €  ]NU{=)  with  k  <_  q.  Suppose  tliaX  f:  M  -*■  R171  is  a 
k- imbedding .  Then 
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( -c )  f  (M)  ii  an  (r  ,m;k)  -manifold: 

Ui]  &cn  (lack  x  e  M,  Df  (x) :  Tw(x)  ■*  ]Rm  it,  an  injection 

taking  T^U)  onto  Tf(M)(f(x)); 

Uii)  f-1:  f (M)  •+  ]Rn  ii  a  k-imbedding; 

Uv)  Ion.  each  x  e  m,  the  inven ie  the  bisection 

Df(x):  TK(x)  -  Tf(M)(f(x))  iA  given  by  Df_1(f(x)); 

(v)  j {on  each  x  £  M,  Jf  ^Cf(x))  -  {Jf(x)} 

PROOF.  (i)  We  shall  use  Theorem  [VI. 20]  to  show  that  f(M)  is 

an  (r,m;k)-manifold.  Choose  a  collection  of  coordinate  systems 

{(U  ,h  )}  in  M  such  that  {U  }  covers  M.  Consider  the 

i  i  i€I  x  i€l 

family  of  pairs  {(U  ,h  )}  CT,  where  U  :•  f(U  )  and  h  :« 

r  IX  1=1  i  i  i 

(foh(^)  1.  Note  that  (foh^)  1  takes  f(U^)  onto  h  ^U^),  and 
is  a  homeomorphism  between  these  two  sets,  since  h( :  U;  ■*  h  (U  ) 
and  f:  M  ■*  f(M)  are  homeomorphisms.  Since  is  open  in  M, 

Ui  ■  f(U  )  is  open  in  f(M).  Thus,  for  each  x  €  I,  ii  :  -*•  3Rr 

is  a  homeomorphism  of  the  relatively  open  subset  onto  h^(U^)  - 

h^(U^);  the  latter  is  open  in  !Rr,  by  the  properties  of  h^ .  We 
can  also  write  h^  ■  ht°(f  ffl^)),  for  x  €  i.  Clearly,  the 
collection  is  a  covering  of  f(M). 

Now,  choose  x  €  I  and  consider  h  ^  ■  f°h  h  (U  )  * 

1X11 

h^U^)  ®m.  We  see  immediately  that  ii  *  6  cNh^  (U  )  dRm)  ,  since 
f  €  requires  that  foh”^  €  C^(h^  (U^ ) -IRm)  .  Suppose  that 

x  €  h^(U^)  »  h^(U^);  because  the  rank  of  f  at  h^(x)  €  m  is  r. 


we  have  rank  DCfch^Xx)  *  r,  i.z.  ,  rank  Dh~1(x)  -  r. 

The  existence  of  the  collection  { (U  ,h  )}  __  with  these 

1  i  i€I 

properties  then  shows,  via  Theorem  [VI. 20],  that  f(M)  is  an 
(r,tn;k) -manifold;  (i)  has  been  proven. 

It  is  clear  that  we  have  also  shown  that  whenever  { (U  ,h  ) }  €_ 
is  a  family  of  coordinate  systems  in  M,  with  covering 

M,  then  { (f (U^ ) , (fchj is  a  collection  of  coordinate  systems 
in  f(M)  such  chat  {f(U^)}i£l  covers  f(M). 

(ii)  Now,  we  know  that  f(M)  is  an  (r,m;k)-manifold.  Since 
f  G  Ck(M^Rm)  and  the  rank  of  f  at  each  x  6  M  is  r,  (ii) 
follows  from  (VI.29.iiJ. 

(iii)  We  already  know  that  f  f(M)  -*■  f-1(f(M))  -  M  is  a 

homeomorphism.  To  show  that  f  *  €  Ck(f  (M)  ;Hn)  ,  select  a  family  of 
coordinate  systems  in  M,  {(U  ,h  )}  CT,  such  that  {U  }  CT  covers 
M.  Then  { (f  (U^) ,  (fch^  is  a  covering  collection  of 

coordinate  systems  for  f(M).  According  to  [VI. 27],  the  inclusion 

f  6C  (f(M)^  )  shall  follow  once  it  has  been  shown  that 
f_1o(fch"1)  6  Ck((foh~1)~1(f (U^))  ;Rn)  for  each  i  €  I.  But  the 
latter  is  clear,  from  f"1o(foh"1)  -  h'1,  (fch'1) ~1 (f (Uj ) )  -  h  (U  ) , 

€  (^(h^  (U^)  ^Rn) ,  for  each  i  €  I,  and  k  <_  q.  Finally,  we 
must  verify  that  the  rank  of  f”1  at  each  point  of  f(M)  is  r. 

For  this,  choose  x  G  f(M),  and  let  \  €  I  be  such  that  x  G  f(U  ), 
where  is  as  before.  Then  (f  (U^ ) ,  (foh'1)’1)  is  a 
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coordinate  system  in  f(M)  with  x  £  f(U^),  so  it  suffices  to  show 
that  D(f  1o(fohi1))((foh^1)  1(x)>  *  Dh^((foh  ^)  ^(x))  has  rank 
r.  But  (foh”^)  2(x)  €  h^dl^),  while  Dh^(y)  has  rank  r  for 
each  y  €  h^(U^).  Thus,  f  ^  is  a  k-imbedding. 


(iv)  Choose  x  €  M.  We  know  that  Df(x)  is  an  injection 

taking  Tw(x)  onto  T,/u. (f(x)),  and  (because  of  (iii)  and 
M  t  (M,/ 

[VI.29.ii])  Df-1(f(x))  is  an  injection  of  onto 

Tw(x) .  Consequently,  it  suffices,  for  the  proof  of  (iv) ,  to  show 

that,  say,  Df  1(f (x))°Df (x)  -  iT  ^ ,  the  identity  operator  on 

M 

T  (x) .  Let  (U,h)  be  a  coordinate  system  in  M,  w~.‘h  x  £  U; 

M 

(f(U),(foh  ''')  is  a  coordinate  system  in  f(M),  with  f(x)  £  f (U) 
According  to  the  definition  in  [VI.23.ii],  we  have,  on  TM(x) , 
using  (foh-1)"1  «  ho(f_1j  f(U)), 


Df~1(f(x))oDf(x) 


D(f'1o(foh'1))((foh"1)"1(f(x)))c{D(foh~1)((foh"1)"1(f(x)))}~1 
oD(foh  *) (h(x))o(Dh  ^(h(x))}  ^ 

Dh-1(h(x))o{D(foh_1) (h(x))}"1OD(foh~1)(h(x))o{Dh~1(h(x))}'1 


Vx)’ 


as  required. 


(v)  Choose  x  £  M.  Let  {T  (x) , . . . ,Tr(x) }  be  a  basis  for 
TM(x).  By  (iv),  Df"1(f(x))oDf(x)Ti(x)  -  Ti(x) ,  for  i-l,...,r. 


whence 
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|Df(x)T1(x)A. . .ADf (x)Tr(x) | 

|T1(x)A...ATr(x) | 

|Df"1(f(x))ODf(x)T1(x)A. .  .ADf-1(f(x))oDf(x)Tr(x) | 

jDf(x)T1(x)A.. .ADf(x)T  (x) |  “  1' 

But  Df(x)  is  an  injection  carrying  TM<x)  onto  T^^M^(f(x)),  so 

{Df  (x)T,  (x) , . . .  ,Df(x)T  (x) }  is  a  basis  for  Tr/l,.(f(x))  (which  also 
•L  r  i(Ml 

shows  that  | Df (x)T^(x)A. . .Anf (xjT^Cx) |  #0).  In  view  of  the 
definition  in  [VI.23.iii],  the  preceding  equality  is  just 
Jf(x)*Jf  1(f(x))  =  1.  □. 

[VI. 31]  REMARK.  Maintain  the  setting  and  notation  of 
[VI. 30].  Let  x  €  M,  and  (U,h)  be  a  coordinate  system  in  M, 


with  x  €  u. 

Since  (h,*(h(x)) 

forms 

a  basis 

for  TM(x),  it 

is  clear  that 

{(foh_1),i(h(x))}^1 

forms 

a  basis 

for  Tf(>1^(f(x)), 

since  Df (x)h,^(h(x) )  ■  (foh  *).^(h(x)),  for  i  «  l,...,r;  cf., 
[VI.24.f].  Also,  Jf(x)  can  be  computed  from  (VI. 24. 3). 

We  shall  prepare  a  statement  concerning  composite  functions 


in  a  somewhat 

restricted  setting; 

as  it 

turns  out 

,  this  is 

all  that 

we  require. 

[VI .  32  ]  PR 

OPOSITION. 

LeX 

M  be  an 

(r,n;q)- 

*  ix.  ^cZd , 

f:  M  ■+  lRm  a 

q-imbzdd-inq,  and 

g  SC1 

(f(M)  ;3Rk) , 

a'/iete 

i  €  IN'-1  { « } , 

i  _<  q.  Then 

U) 

gcf  €  C£(M;lRk); 
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{■Li}  D(gof)(x)  -  Dg(f  (x))oDf  (x) ,  iox  each  x  e  M; 

(' tii }  J(gof)(x)  *  Jg(f  (x) ) o Jf  (x) ,  i [c*i  each  x  e  m; 

(-cv )  g  an  l-imbe.dcU.ng,  then  gof  ii  an 

l-imb&dding . 

PROOF.  Note  that  f(M)  is  an  (r,m;q) -manifold  (and,  if  g 
is  an  st-imbedding ,  then  g(f(M>)  is  an  (r,k;  l!) -manifold)  ,  by 
[Vl.30.1] . 

(i)  Let  (U,h)  be  a  coordinate  system  in  M.  Setting  U  := 
f(U)  and  h  :■  (foh  ^  1  «  ho(f  f(U)),  it  is  easy  to  see,  as  in 
the  proof  of  [VI.30.i],  that  (13, h)  is  a  coordinate  system  in 
f(M),  since  f  is  a  a-imbedding  of  M  into  Bm.  We  know  that 

g  €  C*(f(M);*k),  so  goiT1  €  C*(h(U)  3Rk),  -t.e.  ,  (gof) oh"1  € 

C1(h(U);Rk)  (obviously,  h(U)-h(U)).  Thus,  gof  6  Cil(MiIRk)  . 

(ii)  Let  x  €  M.  Choose  any  coordinate  system  (U,h)  in 
M  such  that  x  €  U.  Recalling  [VI. 23. ill,  we  have 

D(gof ) (x)  D(gofoh_1) (h(x))o{Dh  1(h(x))}  1,  (1) 

and 

Df(x)  :•  D(foh~1)(h(x))c{Dh"1(h(x))}"1.  (2) 

Define  the  coordinate  system  (U,h)  in  M  as  in  the  proof  of  (i); 
then  f(x)  €  0,  and  so 
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Dg(f (x) )  D(gch'1)(h(f(x)))o{Dh'1(h(f(x)))}'1 

-1  -1  -1  (3 
-  D(gofoh  i)(h(x))o{D(fch  )(h(x))} 

(according  to  [VI. 12],  {Dh  ^(h(x))}  3  denotes  the  inverse  of 

Dh  ^(h(x))  taking  ]Rr  onto  T„(x) ,  while  {D(f°h  3)(h(x))}  3 

denotes  the  inverse  of  D(foh  )(h(x))  taking  1R  onto  T ,.„.  ( f (x) ) )  . 

r  (M; 

Now,  the  equality  D(gof) (x)  *  Dg(f (x))oDf (x)  clearly  follows  from 
(1),  (2),  and  (3). 

(iii)  Let  x  €  M:  choose  any  basis  {T.(x)}r  ,  for 

l  i*l 

TM(x) .  Then  {Df (x)Ti<x) is  a  basis  for  (from 

[VI.30.ii]),  so  the  definition  [VI. 23. iii],  with  (ii),  shows 
that 

| D(gof) (x)T  (x)A. . .AD(gof) (x)T  (x) j 
J(g3f ) (x)  - - |T1(«)A...ATr(x)| - 

|Dg(f (x) )Df(x)T1(x)A. . .ADg(f (x))Df (x)Tr(x) | 

“  |Df(x)T1(x)A. . .ADf (x)Tr(x) | 

|Df(x)T1(x)A. . .ADf(x)Tr(x) | 

*  |T1(x)A...ATr(x) | 

-  Jg(f(x)) *Jf (x) . 

Thus,  (iii)  is  proven. 

(iv)  Now,  suppose  that  g  is  known  to  be  an  £-imbedding. 

Then  f:  M  •*  f(M)  and  g:  f(M)  •*  g(f(M))  are  homeomorphisms,  so 
gof:  M  -*•  g(f(M))  is  a  homeomorphism  as  well.  We  have  already  seen 
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that  gof  €  C^(Mi3R^).  Finally,  since  Jg  >  0  on  f(M)  and  Jf  >  0 
on  M,  (iii)  shows  that  J(gof)  >0  on  M,  whence  the  rank  of 
gof  at  x  is  r,  for  each  x  6  M  (cf.,  [VI.24.e]).  These  facts 
show  that  gof  is  an  i-imbedding.  □. 

The  following  geometric  fact  is  in  accord  with  one’s 
intuition. 

[VI.  33]  PROPOSITION.  Let  M  be  an  (r,n;  q) -m(mL&cLd 

which  li  closed  in  ]Rn.  Let  x  e]Rn.  Then  tkcsic  ex-G&ti  at  icci&i 

one  z  6  M  | which 
x  u 

r  (z )  *  dist  (x,M)  :*  inf  (r^Cz) |  z  €  m}  .  (1) 

Al oxeevesi,  tiiieneven.  zx  e  m  &atiA{,ieA  (l),  then 

(X"V  €  W  •  (2) 

PROOF.  The  first  statement  is,  of  course,  well  known  (and 
holds  for  any  closed  subset  of  3Rn) :  we  can  find  a  sequence  in  M, 

(z  such  that  r  (z^)  -*■  dist  (x,M)  .  It  is  easy  to  see  that 

(2i>i«l  Cauchy  ®n>  hence  converges  to  some  z^,  which  must 
then  be  in  the  closed  set  M.  Finally,  r  (z  )  *  lim  r  (z  )  * 

i  -►  oo 

dist  (x,M). 

Now,  suppose  z^  €  M  and  (1)  holds.  Consider  any  z  €  M. 

We  compute 

'>X-Z'n-  !<x-zx)-<z-2x>,n  "  lx'zx1^z‘zxln-2(x-zx)#(z'zx)  • 


-44- 


giving,  since  |x-z  |  <  |x-zj  ,  by  (1)  , 

X  n  n 


2(x-zx).(z-zx) 


{ l  x-z  r- x- 
1  x  n  1 


i2. 


1 


z-z  < 
x  n  — 


z-z 


x '  n 


(3) 


Now,  choose  any  a  €  T  (z  ).  By  Definition  [VI. 5],  there  exists  a 

M  X 

6  >  0  and  a  function  < (/  €  C^((-6,5)  jIRn)  such  that  \^ ( s )  €  M  if 
|s[  <  6,  ip(0)  ■  zx,  and  i^'(0)  *  a.  Whenever  0  <  s  <  5,  (3) 
shows  that 


2(x-zx).(^(s)-iK0))  <  |*<s)-*(0)|jj, 
2(x-*x).{-(v(-s)-«(0))}  >.  - U'(-s)-4»(0)  j^, 


so 


-H(0) 


(4) 


and 


2(x-zx).|^H,(0)|  >  -|*(-s)-*(0)  ln- 


V1  C  — s )  — U*  ( 0 ) 

(-s) 


(5) 


Letting  s  0  in  (4)  and  (5)  results  in  0  2(x-zx>»a  <_  0.  Thus, 

(x-z  )  is  in  the  orthogonal  complement  of  T„(z  ),  -t.e.  ,  is  in 
x  MX 

VZx}-  D- 


There  are,  of  course,  standard  techniques  for  constructing 
extensions  to  ®n  for  smooth  functions  on  an  (n-l,n;q)-manifold. 

We  have  need  of  a  special  result  of  this  sort.  It  is  essentially  no 
more  work  to  consider  manifolds  of  lower  dimension,  as  well. 


[VI. 34]  PROPOSITION.  Lit  M  bi  an  (r,n;l) -mantle Id, 


<  « . 


let  r  be  a 


r  <  n,  and  g  G  C  (M^Rm),  with  sup  I  g Cy)  I 

. .  m 

y  G  M 

non-void  compact  iubict  oi  M.  Then  there  ex-ci-ti  a  g  €  CQORn;Rm) 
6uck  that  g|  r  *  g|  r  and 


max  g(y)  <  sup  g  Cy) I  - 
m  —  r-  . .  m 

_  -mn  y  G  M 

y  6  ]R  3 


PROOF.  Choose  x  £  M.  Just  as  in  the  proof  of  Theorem  [VI.20J, 

we  can  find  an  increasing  r-tuple  of  integers  in  n},  X(x), 

and  an  open  neighborhood  Ux  of  x  in  lRn  such  that  (lOU^,  E^X^  | 

M^U  )  is  a  coordinate  system  in  M,  with  x  6  MTU  .  Then 
x  X 

:^X^(trUx)  is  an  open  neighborhood  of  :*  E^X\x)  in  ]Rr, 

so  we  can  choose  p  >0  such  that  Br  (x* ^ )  C  (MHJ  )  as 

x  p  x 

x 

well  as  Bn  (x)  C  U  .  Now,  whenever  y  G  Bn  (x) , 

P  x  P 

X  X 

|=‘WW-!I(,)(»II  -  |H1<*>(y)-xi(*)|t  <  |y-x|n  <  V 

so  zX^x\y)  -  Br  (x1(x>).  Therefore,  we  can  define  g  :  Bn  (x)  -* 
p  x  p 

X 

Rm  according  to 

g  (y)  :■  go(E^X^|  frPU  )  ^°H^X\y),  for  each  y  G  Bn  (x) . 
xx  px 

Now,  g  G  C1(MJRm)  ,  so  go(EX(x)|  M^)'1  G  C1(EUx)  (101^)  JR®)  , 

whence  g  G  C^(Bn  (x) JRm) .  Since  M^B11  (x)  C  M^u  ,  directly  from 
X  Px  Px 


gx(y)  -  g(y)  for  each  y  G  (x) , 


(2)  we  have 
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i.Z.,  is  an  extension  of  g 

(2)  also  shows  that 


MOBn  (x)  to  Bn  (x). 

P„  om. 


Obviously , 


sup 

y  e  b"  (x) 
°x 


I8v(y)|  <  sup  |g(y)|  <  sup  |  g  ( y ) 

X  m  y  €  y  e  M 


m 


(4) 


Now,  choose  a  finite  set  c  r  such  that  the  collection 

{Bn  <*>■  provides  a  covering  of  F.  For  brevity,  write  • 

0  :■  Bn  (x.)  and  g  :»  g  ,  for  each  i  €  {1,...,N}.  For 

1  °x.  1  xi 

l 

N 

convenience,  we  may,  and  shall,  suppose  that  the  covering  {0  }. 

N 

is  minimal,  no  proper  sub-collection  of  {0  provides  a 

cover  for  r,  since  it  is  clear  that  we  can  extract  such  a  minimal 

subcover  from  the  original  cover,  if  the  latter  does  not  already 

possess  this  property.  Thus,  for  each  i  €  {1,...,N},  0^np  4-  *, 

and  there  exists  some  z ^  €  O^T  such  that  z ^  €  0j  if  j  e  {1,...,N} 

00 

and  j  +  i.  Now,  let  V  be  a  locally  finite  C  -partition  of  unity 
for  0^,  subordinate  to  {0  (cf.,  Lemma  [VI.  49],  4Hj  ta) . 

Thus, 


(i)  *  C  CqCIR11)  , 

(ii)  0  <  i|i  <  1,  for  each  ip  £  ¥, 

(iii)  for  each  ip  £  ¥,  there  exists  i^  £  {1,...,N}  with 

supp  ip  C  0  , 

(iv)  whenever  K  C  0^  is  compact,  there  exists  an  open 
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set  W  C  U^1  0.  such  that  K  C  W  and  all  but  a 

1=1  1 

finite  number  of  elements  of  ¥  vanish  in  W, 


and 


(v) 


l 

yey 


4>(x) 


1  for  each  x  £ 


i-1 


Set 


yp  :=  {\l>  S  yj  ^(r)  t  {0}}; 

since  F  is  a  non-void  compact  subset  of  ^ >  properties  (iv) 

and  (v)  show  that  y  is  non-void  and  finite,  and 

£  y(x)  *  £  iii(x)  *  1  for  each  x  €  F.  (5) 

ij€yr  yey 

De  f ine 


y1  :=  {\p  €  yj  supp  y  C  01>, 

:=  {y  €  yf|  supp  y  C  0  yk> ' ,  for  j  ■  2,...,N. 

N 

Obviously,  the  collection  {y^}^  is  pairwise  disjoint,  and  we  have 

C  y  .  But  if  y  £  y  ,  there  exists  a  smallest  integer  in 

{1,...,N},  j  ,  such  that  supp  y  C  0.  ,  and  it  is  clear  that  we 
* 

must  have,  therefore,  y  6  y,  •  Consequently,  we  conclude  that 

J<P 


w  m  u”  y  . 
T  i«l  i 


(6) 


It  is  also  easy  to  see  that,  if  i  6  {1,...,N},  y^  #  y.  For, 
recalling  the  properties  of  z i  €  0  nr,  introduced  previously,  we 
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can 

choose  ip 

zi 

£  ¥r  such  that  it  (z.)  i 
r  z .  i 

l 

0, 

by  (5) ;  if  j  £ 

(1, 

. . .  ,N}  and 

j  i  i,  then  Qy  so 

supp 

ip  cannot  lie 

zi  ' 

in 

0..  Thus, 

1 

supp  ¥  C  0  ,  and  \p  £ 
Zi  1  Zi 

V 

verifying  our  claim 

Each  is  clearly  finite.  Defining 

iJj.  :■  £  ii  for  each  i  €  {1,...,N},  (7) 

«6fi 

OO 

it  is  easy  to  see  that  ^  £  CqQR  )  and  supp  ip  C  0^  for  each  i, 
while 

N  N 

l  \l> .  (x)  -  l  l  I|i(x)  *  l  \ ii(x)  -  1  for  x  e  r,  (8) 

i-1  i-1  A  if€Yr 

N 

by  (5)  and  the  properties  proven  for  {¥^}  Next,  for  each 

i  €  {1 . H},  define  g  s  lRn  -  ]Rm  by 

'  *i(x)gi(x)  if  X  e  0t, 

g^x)  ■  (9) 

0  if  x  6  0'^. 

Since  €  C^(0  $Rm),  ^  €  CqOR0),  and  supp  c  Oy  we  must 

have  £  CqCR11;®111)  with  supp  C  0  for  each  i  6  {1,...,N}. 
Finally,  set 

N 

g  :■  l  gt;  (10) 

i-1 

we  claim  that  g  has  each  of  the  desired  properties.  The  inclusion 
g  e  c  J  QRn  2Rn  *)  is  plain  enough.  To  see  that  g  is  an  extension  of 


g,  observe  first  that 
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g^x)  -  ij;  (x)*g(x)  for  each  x  €  r  and  i  € 


Indeed,  suppose  that  i  £  {1,...,N}  and  x  £  F:  if  x  6  then 

g^(x)  -  0  and  ^(x)  -  0,  while  if  x  €  0^,  then  (3)  shows  that 
if^tx)  -g(x)  -  i^(x)*g  (x)  :-  gt(x) .  Thus,  (11)  is  true.  But  then, 
whenever  x  €  r,  in  view  of  (8)  we  can  write 


g(x) 


N 


l 

i-1 


g^x) 


i^(x)  jg(x) 


g(x)  , 


whence  gj  F  *  g|  F.  Finally,  to  verify  inequality  (1),  let 
x  €]Rn:  if  x  £  then,  using  (4), 

I §Cx) |  i  l  |g.(x)| 

i-1  1  m 


,  l 

U|  x£0i) 


^(x)  *  IgjCx)  |m 


<  sup 

lg(y)  L* 

Cil 

I 

* .  (x) 

"  y  e  M 

x£0i) 

1 

N 

<  sup 

|g(y}!  • 

I 

I 

*(x) 

y  €  M 

ui 

i-1 

1»£'t'i 

<  sup  |g(y)|_; 
y  €  M 


on  the  other  hand,  if  x  £  0-/?  ,  0.)'  -  r'^  ,  0!,  then 

i  i*l  i 


N 

g(x)  -  l  g±(x)  -  0. 
i-1 


Thus,  (1)  holds.  O. 


(ID 


The  development  to  this  point  provides  sufficient  preparation 


for  the  definition  and  study  of  the  Lebesgue  measure  and  integral  on 
a  manifold  in  some  Euclidean  space.  Fleming  [15]  gives  some 
discussion  of  these  topics,  but  his  presentation  is  inadequate  for 
our  purposes;  a  precise  formulation  is  required  here  in  order  to  meet 
the  exigencies  of  a  number  of  lines  of  reasoning  in  Parts  I-V. 

We  begin  by  citing  certain  measure-theoretic  facts,  the 
principal  references  being  Hewitt  and  Stromberg  [20],  and  Rudin  [46]. 
The  definition  of  a  common  measure-theoretic  term  will  be  set  down 
here  only  if  these  sources  employ  distinct  definitions  for  that 
term;  otherwise,  such  basic  terms  will  be  used  without  preliminary 
comment.  In  general,  we  shall  adhere  to  the  definitions  of  Hewitt 
and  Stromberg  [20]. 

[VI. 35]  DEFINITION.  Let  X  be  a  locally  compact 
Hausdorff  space,  and  denote  the  o-algebra  of  Borel  sets  of  X  by 
8(X) .  Let  u  be  a  measure  defined  on  a  o-algebra  A  of  subsets 
of  X,  such  that  S(X)  C  A.  Then  v  is  called  a  Ke.guZ&'i  meoAUrlc  iff 


(i)  u(K)  <  «,  for  each  compact  K  C  X, 

(ii)  u(A )  *  inf  (u(U)j  U  is  open  in  X,  A  C  U),  for 
each  A  €  A, 

and 


(iii)  u(U)  *  sup  { vi <K)  J  K  is  compact  in  X,  K  C  A), 
for  each  open  set  U  C  x. 


-Sl¬ 


it  turns  out  that  a  regular  measure  possesses  a  property 
stronger  than  [VI.35.iii]. 

[vi.  36]  PROPOSITION.  Let  u  be.  a  regular  measure 
defined  on  a  o-aigebxa  A  oh  subsets  oh  a.  LccaLtij  compact 
Hausdorhh  Apace  x  (4 o  8(x)  c  A) .  Then 

y (A)  -  sup  {u(K)|  K  is  compact  in  X,  K  c  a), 

hor  each  a  €  A  which  is  o-hiniXe  with  respect  to  y. 

PROOF.  Cf.,  Hewitt  and  Stromberg  [20].  □. 

[VI.  37]  RECAPITULATION:  THE  EXPLICIT 

CONSTRUCTION  OF  A  REPRESENTING 
MEASURE  CORRESPONDING  TO  A  GIVEN 
RADON  MEASURE.  Let  X  be  a  locally  compact  Hausdorff 
space.  Let  Cq(X)  denote  the  complex  linear  space  composed  of  all 
complex-valued  continuous  functions  of  compact  support  on  X. 

Recall  that  a  Radon  measure ,  or  nonnegative  Linear  hunctionai,  on 
X  is  a  linear  functional  I:  Cq(X)  -*■  K  such  that  1(f)  ^  0 
whenever  f  €  Cq(X)  and  f  >_  0.  Let  I  be  a  Radon  measure  on  X. 
Hewitt  and  Stromberg  [20]  contains  the  explicit  construction,  from 
I,  of  a  o-algebra  M  of  subsets  of  X,  and  a  measure  i  on 
M  such  that 

i 

f  d\,  for  each  f  S  Cq(X), 

X 


(i)  1(f) 
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(ii)  B(X)CH, 

(iii)  \  is  regular, 

(iv)  is  a  complete  measure  space, 

(v)  if  A  C  x,  then  A  e  Al^  iff  AHK  S  for  each 
compact  K  C  X, 

and 


(vi) 


if  u 
1(f)  - 


is  any  regular  measure  on  M 


f  dy  for  each  f  €  Cq(X), 


such  that 
then  u  *  t . 


There  are  certain  other  technical  results  of  the  construction,  which 
we  shall  not  give  here;  these  results  shall  be  used  implicitly,  in 
the  sense  that  they  are  used  to  prove  other  statements  which  we  shall 
later  provide  explicitly.  In  all  such  cases,  we  shall  refer  to  the 
work  of  Hewitt  and  Stromberg  for  the  proofs. 


In  order  to  have  a  precise  nomenclature,  we  shall  call  any 
measure  generated  from  a  nonnegative  linear  functional  on  Cq(X), 
where  X  is  a  locally  compact  Hausdorff  space,  by  the  particular 
construction  cited  above,  a  mcaiotc  -in  thz  izmz  o $  [Hewitt  and 
Stromberg,  §9]. 


Of  course,  the  well-known  representation  theorem  of  F. 
Riesz  is  an  immediate  consequence  of  the  facts  given  above.  Since 
we  shall  need  a  number  of  other  properties  of  the  representing 
measure  whose  existence  is  the  assertion  of  the  Riesz  theorem,  we 
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have  chosen  the  more  detailed  presentation  of  Hewitt  and  Stromberg 
as  our  primary  source,  rather  than  merely  stating  Riesz’  theorem. 


It  is  important  to  note  that  in  our  terminology,  the  usual 

Lebesgue  measure  on  ]Rn  (n  €  IN)  is  a  measure  in  the  sense  of 

[Hewitt  and  Stromberg,  §9].  Indeed,  one  of  the  standard  ways  of 

defining  Lebesgue  measure  is  via  the  Riemann  integral  on  CqCR0), 

clearly  a  Radon  measure.  We  shall  denote  Lebesgue  measure  on  ]Rn 

by  A  (so  that  A!.  denotes  the  a-algebra  of  Lebesgue-measurable 
n  A 

n 

subsets  of  ]Rn) . 

We  next  recount  some  facts  concerning  another  familiar  method 
for  constructing  measures. 


[VI.  381  PROPOSITION.  Let  (X,A,u)  be  a  measure  Apace, 
and  \l>:  X  -*■  [0,®]  an  A -meoAulabie  function.  Vc^-cne  :  A-*-  [0,°°] 

btj 


VA> 


J  ^  dy 

A 


j  dy,  ho*,  each  A  e  A. 

X 


(1) 


Then 


U)  v,  ii  a  measuAe  on  A,  and 

1 1> 

|  f  du^  -  j  fil>  dv,  (2) 

X  X 

each  A-mecLiuiabie  {unction  f:  X  ■*  [0,®]. 

Whenever  a  €  A  and  u(A)  ■  0,  then  u^(A)  ■  0. 


i 
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ip  >  0,  then  u(A)  -  0  l(  A  €  A  tcct/i  t  (A)  « 

p 

0.  Thai,  l(  <p  >  0,  (X,A,u^)  ii  complete  1$$ 

(X,  A,  n)  ii  complete. 

(till  l(  f  ii  defined  p-a.e.  cm  X  and  ii  A-meaiurabie, 
then  f  e  L^(X, A,y^)  l((  ftp  e  L^X.A.u);  in  either 
cate,  (2)  holdi. 

Uv)  Suppose  4i  >  0.  Then  f  e  L1(x,A,u^)  1(6  ftp  e 

LjCX.A.u);  In  either  cate,  (2)  holdi. 

( u ]  Suppose  that 

a -compact  Hautdcr(( 


^=K  6  L^(X,A,u)  (or 

Then  it,  regular  and  o-(lnite. 


P  R 

O  0 

F. 

(i)  Cf., 

Rudin  [46],  Theorem  1.29. 

(ii) 

The  first 

statement  is  obvious.  Suppose  tp  >  0, 

A  € 

A, 

and 

VA)  *  °- 

Then,  since  =^4»  _>  0,  =^tp  must  vanish 

u-a. 

.e. 

on 

X.  Since 

4;  >  0,  »  0  u-a.e.  on  X,  l.e.,  u(A)  - 

0,  and  the  second  statement  is  proven.  For  the  third,  let  ip  >  0 
and  (X,A,u)  be  complete.  Suppose  A  S  A,  u^(A)  *  0,  and  B  C  a. 


(I]  X  it,  a.  locally  compact 
Apace  with  8(x)  c  A, 

12)  w  it  regular, 

and 

(3)  4,  €  lJoc(X,A,u),  l.e., 

each  compact  K  c  x. 
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Then  y(A)  *  0,  by  what  was  just  proven,  so  B  €  A,  since  (X,A,y; 
is  complete.  Thus,  (X,A,y^)  is  complete.  The  proof  of  the 
converse  is  just  as  simple  (and  goes  through  even  if  ip  is  only 
nonnegative) . 

(iii)  We  may  suppose  f'-tat  f  is  defined  on  X  and  is  A- 

measurable.  Then  ftp  is  A-measurable  on  X.  From  (2), 

|f|  dy^  «■  |f|*tp  dy,  so  j  |f|  dy^  <  °°  iff  |f|*ip  dy  <  °°, 
XX  X  X 

and  the  first  statement  of  (iii)  follows.  If,  say,  f\p  €  L  (X,A,y), 

' 

the  equality  f  dy^  *  f ^  du  follows  from  (i)  and  the  definition 
X  X 

of  the  integral  of  a  complex-valued  function  in  terms  of  integrals  of 
nonnegative  functions. 

(iv)  Observe  that,  since  <p  >  0,  a  function  f  is  defined 

y ,-a.e.  on  X  iff  it  is  defined  u-a.e.  on  X,  and  is  A-measur- 
<P 

able  iff  fip  is  A-measurable  (if  fip  is  A-measurable,  the 
equality  f  »  ^  ftp  shows  that  f  is  A-measurable).  The  proof  of 
(iv)  can  now  be  completed  by  using  reasoning  similar  to  that  employed 
in  the  proof  of  (iii). 

(v)  In  passing,  note  that  y  is  a-finite  under  the  hypo¬ 
theses  given,  since  y(K)  <  ®  for  each  compact  K  C  X,  and  X  is 
the  union  of  a  countable  family  of  compact  sets. 

For  any  compact  K  C  x,  we  have  y  (X)  «  =„ip  dy  <  ®, 

V  N 


X 
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since  €  £^(X,A,y).  This  shows  at  once  that  fulfills 

requirement  [71.35.1]  and  that  is  o-finite,  since  X  is 

o-compact . 

We  must  show  that,  whenever  A  G  A, 

P  (A)  -  inf  (i^(V)|  V  is  open  in  X,  AC  V} ; 
we  know  that  this  holds  with  y  replacing  y^.  Suppose  first  that 

—  «  OS 

A  is  compact.  Let  (U  ) ,  be  a  sequence  of  open  sets  in  X  with 
'  n  l 

A  C  u  for  each  n  GU  and  lim  y(U  )  «•  y(A).  Since  A  is 
n  n 

n  -*■  ® 

compact  and  X  is  a  locally  compact  Hausdorff  space,  we  know  that 

there  exists  an  open  set  Uq  C  X  such  that  A  C  Uq  and  Uq  is 

compact  (cf.,  C.CJ.,  Hewitt  and  Stromberg  [20],  Theorem  (6.79)),  so 

that,  replacing  each  U  by  U  'HJ_,  if  necessary,  we  may  suppose 

n  n  u 

that  Un  is  compact,  for  each  n€K.  Setting  Ur  :*  nj»i 

OD 

for  each  n  CD,  we  obtain  a  sequence  (U  ),  of  open  sets  in 

n  x 

X  such  that  A  C  U  . ,  C  U  and  U  is  compact,  for  each  n  G  H; 
n+i  n  n 

since  0  <  y(U  )-y(A)  <  y(U  )-y(A),  n  6K,  it  is  clear  that 
—  n  —  n 

u(U  )  +  y(A).  The  fact  that  (U  )?  is  decreasing,  with  y(U,)  <  <=°, 
n  n  l  i 

gives  u(o-  U  )  -  lim  y(U  ).  Thus,  setting  An  U  , 

x  n  n  u  x  n 

n  -►  « 

we  have  u(Aq)  ■  y(A),  and  A  C  A^.  Consequently,  =A  “ 

y-a.e.  on  X.  For,  =.  -£_  is  non-zero  only  on  the  set  A--A' , 

A0  A  0 

while  u (AgnA ' )  *  y (Aq)-u (AqHA)  •  u(Aq)-u(A)  *  0.  It  is  easy  to 

show  that  the  sequence  )^  is  non-increasing,  and  converges 


(3) 
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pointwise  on  X  to  =  .  Thus,  since  \p  _>  0,  (-=  iji)  is  non- 

0  n 

decreasing,  non-positive,  and  converges  pointvise  to  -=A 

Ao 


Further , 


r 


iy  ii  du  <  °°,  since  is  compact.  Using  B.  Levi's 


theorem  (Hewitt  and  Stromberg  (20],  Theorem  (12.22))  to  justify  the 
second  equality,  we  can  then  write 


lim  u . (U  )  ■  lim 

ip  n  _ 

n  -*■  “  n  -*•  00  ^  n 


K 


du 


X 

r 


lim  =  \p  du 
n  -*■  ®  n 


=  .  \p  dy 
A0 


V  du  +  J  (5a”-ah  du 

X  0 


I  V 


dy 


VA> 


This  clearly  suffices  to  prove  that  (3)  is  true  in  this  case,  in 
which  A  €  A,  A  compact. 


To  prove  (3)  in  the  general  case,  first  note  that  there  exists 
00 

a  collection  {F  of  pairwise  disjoint  relatively  compact  sets 
n  1 

co  «.  oo 

in  A  such  that  X  ■  u  F  :  simply  choose  a  family  {F  }, 

In  r  n  1 

00  « 

of  compact  subsets  of  X  such  that  X  ■  u  F  (X  is  o-compact), 

J.  n 

Fn  fnn(Uj-l  V  for  n  “  2,3,...;  it  is 


I 


and  set  F^  :*  F^, 
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routine  to  show  that  {F^ } ^  possesses  the  requisite  properties. 

Now,  choose  A  £  A.  Clearly,  {A^F^l^  *s  a  collection  of  pairwise 

disjoint  relatively  compact  sets  in  A,  with  *  =  U*  (AOF  ). 

1  n 

Let  e  >  0.  By  what  was  just  proven,  we  can  select,  for  each 

n  €]N,  an  open  set  U  C  X  such  that  A^F  C  U  and 

en  n  en 

Uip(Uen)  <  pi/AOFn^e/2n) *  Let  Ue  U1  U£n;  Ue  is  open» 
contains  A,  and  we  find  that 


“*<%> 

"f  K<Anv^} 

-  U^CAj+c, 

since  we  know  that  is  a  measure  on  A.  The  desired  equality  (3) 

is  an  immediate  consequence  of  this  reasoning. 


Finally,  let  U  be  an  open  subset  of  X.  We  must  show  that 


%<U> 

-  sup  {u^(K) 

1  K 

compact  in  X, 

KCU). 

Once 

again,  we 

already  know 

that 

(4)  holds  with 

u  replacing  u., 

V 

so  we  can  find 

a  sequence 

of  compact  subsets  of  X  such 

that 

K  C  U 
n 

for  each  n, 

and 

lim  u (K  )  ■ 
n 

n  *♦  « 

u(L’).  Setting 

K  :* 
n 

•  un  ic 

j-i  J 

,  for  each 

n  €  H, 

,  we  find  that 

is  compact, 

K  C 
n 

Kn+1  C  U’ 

and  u(K  )  * 
n 

u(U) . 

Further,  with 

UQ  ^  Kn.  we 

(A) 
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have 

y(Un)  -  lim  y(K  ) 
u  n 

■  y (U) , 

and  UQ  C  U.  . 

n  ■*  ® 

it  is 

shown  that  E^  * 

y-fl. Z. 

on  X,  whence 

\vu0; 


r 


Now,  clearly,  (E^  is  a  nondecreasing  sequence  of  nonnegative 

n 

functions,  converging  pointwise  on  X  to  E  \p.  Once  again  using 

U0 

B.  Levi's  theorem  (or  Lebesgue's  monotone  convergence  theorem,  cf. 
Rudin  (46],  §1.26)  to  justify  the  second  equality, 


lim  y , (K  )  -  lim 

i b  n 

n  -*■  00  n  ■*  <* 


-X  *  du 
n 


v du 


%<V 


V»)i 


the  required  equality  (4)  follows  directly. 


Thus,  y^  is  regular.  □. 

We  should  note  that  the  regularity  assertion  of  [VI.38.v] 
appears  as  an  exercise  in  Hewitt  and  Stromberg  [20]. 


Still  another  method  for  constructing  a  measure,  of  which 
we  shall  also  make  yse  presently,  appears  in  Hewitt  and  Stromberg 
(20]  (cf.,  §(12.45));  we  describe  it  next. 

[VI. 39]  CONSTRUCTION:  THE  IMAGE  OF  A 


MEASURE  SPACE  UNDER  A  CONTINUOUS 
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MAPPING.  Let  X  and  Y  be  locally  compact  Hausdorff 

spaces,  and  4>:  X  ■*  Y  a  continuous  surjection.  Let  u  be  a 

measure  on  a  o-algebra  of  subsets  of  X  in  the  sense  of 

[Hewitt  and  Stromberg,  §9].  Suppose  that  either  (i)  $  *(K)  is 

compact  in  X  whenever  K  is  compact  in  Y  or  (ii)  (X,M  ,  u) 

u 

is  a  finite  measure  space.  Under  either  hypothesis,  f o <p  e  L,(X,.M  ,u) 

l  u 

for  each  f  €  Cq(Y).  For,  if  (i)  should  hold,  fc£  €  Cq(X),  while 
fo$  6  L1(X,Mij,u)  if  u(X)  <  ®,  as  in  (ii) ,  since  fo $  is  bounded 


and  continuous  on  X.  Consequently,  the  map  f  »-*•  fc$  du  is  a 


Radon  measure  on  Cq(Y) »  with  which  there  is  associated  the  measure 

ii  on  a  o-algebra  M  of  subsets  of  Y  as  in  [Hewitt  and 
<P  u . 

<S 

Stromberg,  §9],  such  that  fo$  du  *  f  du,  for  each  f  €  cn(Y). 

<P  u 

X  Y 

This  measure  space  (Y,M  ,u.)  is  called  tkz  imagt  (X,M  ,u) 

%  *  “ 
andzt  thz  continucui  mapping  <p . 


[VI.  40]  PROPOSITION.  I'.iaintain  thz  iztting  and  notation 


o&  [VI.  39]. 


Whznzvzt  B  £  II  ,  thzn  <p  ^(B)  e  M  .  Tluii, 

u  '  u 

v 

go$  on  x  it  M  -meai utab i z  w/teneveA  g  or.  Y  it 
Ai  -mejiiufiabZz. 


lii)  Fox  zach  o-^initz  B  €  ,  we  havz 


u^(B)  -  u($  (B))  -  I  du. 
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[IU]  lb  g  €  L  (Y.M  ,0,  tfien  go«  e  l  (X,M  ,u), 

a  U.  y  1  U 

and 


go$  du . 


PROOF.  Cf.,  Hewitt  and  Stromberg  [20],  Theorem  (12.46). 


We  shall  return  shortly,  in  [VI. 42],  to  make  further 

observations  concerning  continuous  images  of  measures. 

The  following  technical  facts  shall  be  called  upon  later. 

[VI. 41]  PROPOSITION.  Let  X  be  a  locally  compact 
Hausdo' ibb  -space.  Suppose  (X,Af  ,u)  and  (X.M^.v)  aaz  measure 
space s  ulth  B(x)  c  M  and  u  and  v  are  aegulaA.  Suppose 

buAthex  that 

f  du  -  f  dv,  boa  each  f  e  cQ(x)  voitk  f  _>  0. 


UJ  u(E)  *  v(E)  joa  each  E  G  ' 

Wou',  in  addition,  assume  -t/iat  (x,My,u)  and  (x,M^,v)  ate  complete, 
icitli  and  each  possessing  thz  p-xopexty  ob  [vi.37.v],  t.e., 
ii$  E  c  x,  -then  E  €  Ai^(M^)  e°K  €  M  (M^)  ijo-t  cac/i  compact 

K  c  X.  Than,  also, 


[ii]  M  ■  M  ,  sc  the  measure  space*  (x.M  ,u)  anrf 

U  V  p  ’ 
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(X,<M  v)  oaz  idznticaZ. 

PROOF,  (i)  This  is  Theorem  (12.41)  of  Hewitt  and  Stromberg  [20]. 
Note  that  this  statement  implies  [VI.37.vi]. 

(ii)  We  shall  provide  a  proof  of  this  statement  along  the 
lines  of  the  proof  given  for  Theorem  (12.42)  of  Hewitt  and  Stromberg 
[20].  First,  let  E  £  M  ,  with  u(E)  <  ®.  Since  y  is  regular, 

oc 

there  can  be  found,  using  [VI. 36],  an  increasing  sequence  (lO^ 

of  compact  sets,  and,  using  [VI.35.ii],  a  decreasing  sequence 
00 

(U  ),  of  open  sets  such  that  K  C  E  C  u  for  each  n, 
n  1  r  n  n 

y(K  )  +u(E),  and  u(U  )  +  u  (E) .  Since  u(E)  <  °°,  we  may  suppose 
n  n 

that  y(U.)  <  ®.  Set  A  :*  u"  K  and  B  n”  U  .  Then  A  B  £ 
i  In  in 

8(X),  A  C  E  C  B,  and  y(A)  -  lira  u(K  )  *  y(E)  »  lim  y(U  )  - 

n  -*■  ®  n  -*•  ® 

'■(B).  Thus,  u(BOA')  »  u(B)-u(!TA)  *  u(B)-y(A)  *  0.  Since,  by  (i)  , 
u  *  v  on  8(X),  and  BOA*  €  8(X),  we  have  also  v(B^A’)  *  0. 

Now,  write 

E  -  (EOA)U(e^A’) 

-  AU(EOA') 

-  AU{En{(A'^B)U(A'nB')}} 

-  AU{En(A'nB)}. 

But  (X,JI  v)  is  complete,  v(A'^B)  ■  0,  and  E^(A'^B)  C  A'^B, 

whence  it  follows  that  E''(A,/'IB)  £  M  .  Since  A  £  M  ,  we  conclude 

v  v 

that  E  £  M  . 

v 

Thus,  whenever  E  £  M  and  u(E)  <  <*>,  we  have  Z.  €  .'I  . 

u  v 
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Switching  the  roles  of  u  and  v  in  the  preceding  argument  shows 

chat,  whenever  E  €  At  and  v(E)  <  »,  there  follows  E  €  At  . 

v  u 

Next,  consider  any  E  e  M  :  if  K  is  compact  in  X,  then 

E“^K  £  M  and  y(ECK)  <  “  (since  u  is  regular),  so  EOK  €  M^, 

by  the  result  already  obtained.  Since  has  the  property  of 

[VI.37.vJ,  we  must  have  E  €  .  Thus,  At  C  .  Switching  the 

roles  of  p  and  v  in  this  argument  secures  the  reversed  inclusion. 

At  CM.  □. 

v  v 

We  next  study  the  continuous  image  of  a  measure  under  a 
homeomorphism. 

[VI.  42]  PROPOSITION.  Let  x  and  Y  be  locally  compact 
Hausdcrff  4 pace S,  and  <j>:  X  -*•  Y  a  homeomorphism.  Let  (x,Ai^,u) 
be  a  measure  sp acc  In  the  4euie  06  [Heu'itt  and  Stxcmberg ,  §9],  and 
(Y , .u^)  its  Image  under  <p ;  cf.,  [VI. 39].  Then 


U) 

(x,My,u)  is  the  image  c6 

<P 

undeA  o-1; 

[li] 

a  subset  B  06  Y 

is  in 

M  i66 

e  At  ; 

V 

[ILL) 

a  complex  function 

g  on 

Y  ii  H 

u 

-measurable 

k 

iff  go$  on  x  is  H^-mcaMixablc; 

Uv)  a  function  g  { mcn.c  precisely,  an  equivalence  class 
of  functions  whc-ie  membeii  aie  paineise  equal  p  -a.e. 

V 

on  Y)  Is  in  LX Y,A!  ,u.)  <66  gc$  €  L  (X,M  ,u); 

1  u .  v  1  u 

v 

-on  either  case,  we  have 
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j  8  % 

Y 


J  g°4>  du. 

X 


U) 


PROOF.  Obviously, 
surjection,  and  $  ^(K) 
compact . 


u  is  well-defined,  for  <t>  is  a  continuous 
4> 

is  compact  in  X  whenever  K  C  Y  is 


(i)  Since  $  is  a  homeomorphism,  it  is  clear  that  the  image 


(u, )  .  of  p  under 

.  -1 


-1 


is  well-defined;  writing  v  :*  (u^) 


we  have  the  measure  space  (X, M  ,  v)  constructed  from  (Y,M^  »u^) 

v  <P 

and  d)-1  as  in  [VI.  39]  (note  that  p^  is  a  measure  in  the  sense 
of  [Hewitt  and  Stromberg,  §9],  as  is  v) .  We  have,  by  the  manner  in 


which  u  and  v  are  constructed. 


f  dp 


4> 


fo$  dp  for  each 


f  €  Cq(Y) ,  and 


g  dv 


go<$  ^  dp  for  each  g  £  Cq(X)  ’  Now» 


if  g€C.,(X),  then  go$_1€c0<Y),  so 


g  dv  » 


go<j  1  du^  m  |  g °<t>  dp  * 


g  dp. 


Consequently,  in  view  of  the  properties  listed  in  [VI. 37],  which 
are  possessed  by  p  and  v,  all  hypotheses  of  [VI. 41]  are  fulfilled, 
and  we  can  assert  that  M  ■  with  u  ■  v  on  <•£.,  that 

p  -  v. 


(ii)  Let  B  C  Y.  From  [VI.40.i],  the  inclusion  B€.M 

-1  * 

implies  the  inclusion  *_1(B)  €  M  .  Now,  suppose  (B)  6  . 

Since  M  -  M  ,  v  :•  (p  )  we  can  again  apply  [VI.40.i]  (for 

u  v  *  *-l 
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p,  and  <t>  *)  to  conclude  that  B  =  ($  ^ ^(B))  6  M 

*  % 

(iii)  Let  UCK  be  open.  By  (ii) ,  g”^(U)  €  M  iff 

-1  -1  -1  ^ 

(go<p)  (U)  -  <t>  (g  (U))  €  Statement  (iii)  follows  from  this 

observation. 


(iv) 

L.(Y,M  ,u), 

1  u*  $ 


Applying  [VI. 40. iii],  we  can  assert  that 

then  gO(p  6  L ,(X,A{  ,p),  with  g  dpA  * 
ip  J  v 


if  g  e 
gop  dp. 


Y  X 


Conversely,  suppose  g  is  defined  u  -a.e.  on  Y  (whence  it  is  easv 

<P 

to  see,  from  [VI.40.ii],  that  gC(p  is  defined  p-a. £.  on  X),  with 


-1’ 


gO(j>  €  L.(X,M  ,u) .  Then,  by  (i),  go$  €  /  (X,.M  ,v) ,  v  (p  ) 

1  p  iv  <f> 

~1  ^ 

so  we  can  apply  [VI. 40. iii]  once  again  (for  p  and  $  ),  finding 


that  g  *  go$o$  €  L.( Y,'f  ,p.),  and 

I  W .  9 

<P 


go 0  dp 


go0  dv 


go^0$  1  dp 


g  dPA.  □. 


[VI. 43]  REMARKS.  We  recall  here  certain  facts  concerning 
the  measure  space  generated  by  restricting  a  measure  to  one  of  its 
measurable  sets.  Let  (X,A,p)  be  a  measure  space,  and  choose 
E  €  A.  Set  A£  :*  {A  €  A |  ACE},  then  p£  :■  pj  A£.  It  is  easy 
to  show  that  A^.  is  a  o-algebra  of  subsets  of  E  and  that  p£ 
is  a  measure  on  A^,,  so  there  results  the  measure  space  (E,AE,p^.). 
Whenever  f  on  X  is  A-measurable,  then  f|  E  is  A  -measurable; 

L 


whenever 


f  dp  :> 


=  f  dp  is  defined,  then 
£ 


(f|  E)  dp. 


is  defined,  and  these  integrals  are  equal.  If  (X,A,p)  is  complete, 

then  (E,A  ,p  )  is  complete.  The  proofs  of  these  statements  are 
£  £ 
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routine  . 


Now,  suppose  that,  in  addition,  X  is  a  locally  compact 

Hausdorff  space,  8(X)  C  A,  u  is  regular,  and  E  is  open  in  X. 

Let  x  €  E:  then  we  can  find  an  open  neighborhood  V  of  x  such 

that  V  is  compact  and  V’  C  E  (cf.,  Z.g.,  Hewitt  and  Stromberg 

[20],  Theorem  (6.78)),  whence  it  follows  that  E  is  locally  compact 

in  its  relative  topology  (E  is  also  Hausdorff,  of  course) .  Since 

A  contains  E  along  with  each  open  subset  of  X,  A  contains  each 

£ 

open  subset  of  E,  so  A  also  contains  B(E) .  It  is  a  simple 

E 

matter  to  prove  now  that  u_  is  regular;  we  omit  the  details.  Next, 

impose  the  additional  hypotheses  that  E  is  o-compact  and  that  A 

possesses  the  property  of  [VI.37.v]  (-t.e.,  if  A  C  X,  then 

A  €  A  iff  A^K  €  A  for  each  compact  K  C  X) :  then  A£  inherits 

this  property.  For,  suppose  that  ACE.  Let  A  6  A^,  and  K  be 

compact  in  E.  Then  A  €  A  and  K  is  compact  in  X,  so  A~>K  £  A, 

whence  A^K  €  A£.  Conversely,  suppose  that  Ar'K  €  A£  whenever  K 

is  compact  in  E.  Writing  E  *  Kn,  where  each  Kr  is  compact 

in  X  and  contained  in  E,  we  have  A  ■  U  (A^K  ).  Since  K 

In  n 

is  compact  in  E,  APK  €  A  for  each  n  which  shows  that 

H  b 

A  €  A  .  Thus,  if  ACE,  then  A  €  A  iff  A^K  €  A_  for  each  K 
E  t  £ 

compact  in  E. 

As  an  example,  suppose  n  €  N,  X  ■  lRn ,  A  ■  M  ,  and  y  - 

n 

X  .  Let  E  C  ]Rn  be  open.  Recalling  (cf . ,  the  remark  in  [VI. 37]) 
n 

that  X  is  a  measure  in  the  sense  of  [Hewitt  and  Stromberg,  §9], 


and  since  any  open  subset  of  lRn  is  o-compact,  we  see  that  each  of 

the  conditions  imposed  above  is  in  fact  fulfilled  by  these  particular 

choices,  so  we  can  make  the  corresponding  assertions  concerning  the 

measure  space  (E,(M  )_,(X  )_,).  In  this  instance,  we  shall  usually 

Ah  n  h 
n 

denote  (X  )_  again  by  X  ;  no  confusion  should  result  from  this 
n  t  n 

practice. 

Let  us  cite  the  following  familiar  result: 

[VI.  44]  proposition.  Let  ft  be  an  open  iubteX  iRn, 

and  g:  £1  ]Rn  a  q- regular  t,iami carnation,  j [ox  dome  q 
Supped e  f  e  CQ(g(n)).  Then 

f  f  ,  . 

f  dXn  -  fog* [jg(  dXR. 

g(fl)  0 

PROOF.  Cf.,  e.g. ,  Fleming  [15],  Theorem  5.8.  □. 

Of  course,  the  transformation  formula  of  [VI. 44]  is  true  under 
much  less  stringent  hypotheses  on  the  integrand.  The  more  general 
statement  is  obtained  as  a  particular  case  of  a  result  to  be  proven 
later  (cf..  Theorem  [VI. 52]  and  the  remark  following). 

We  wish  to  describe  next  the  manner  in  which  Lebesgue  measure 
on  ®n  (n  2)  induces  a  measure  on  a  o-algebra  of  subsets  of 
an  (r,n:q)-manifold,  called  the  Lebesgue  mea. iu-'ie  on  the  manifold. 
Essentially,  the  idea  is  to  first  construct  the  measure  for  any 
coordinate  patch  and  show  that  the  measures  on  overlapping  patches 


agree  on  their  intersection.  These  local  measures  are  then  used  to 
construct  a  measure  on  the  manifold,  which,  as  it  turns  out, 
coincides  on  each  coordinate  patch  with  the  original  measure  on  that 
patch. 

The  following  simple  observations  must  be  made. 

[VI. 45]  LEMMA.  Let  M  be  an  (r,n;q) -manifold.  T hen,  with 
theiA  n.e*pecti\ie  relative  topologies,  inherited  j \nom  ®n,  m  and 
each  cocndinate  patch  on  M  aAe  IccaUUj  compact  a -compact 
Hamdcx^  Apace*. 

PROOF.  Let  U  be  a  coordinate  patch  on  M;  choose  any 
coordinate  function  h  for  U.  Then  h:  U  -*•  h(U)  is  a  homeo- 
morphism,  where,  of  course  h(U)  has  its  relative  topology  as  a  sub¬ 
set  of  ]Rr.  Then  h(U)  is  locally  compact  and  Hausdorff,  since 
h(U)  is  an  open  subset  of  the  locally  compact  Hausdorff  space  lRr. 

Any  open  subset  of  ]Rr  is  o-compact  as  a  subset,  hence  also  as  a 
subspace,  since  it  is  clear  that  any  subset  of  a  topological  sub¬ 
space  is  compact  in  the  subspace  iff  it  is  compact  in  the  containing 
space.  The  existence  of  the  homeomorphism  h  then  shows  that  U  is 
locally  compact,  o-compact,  and,  of  course,  Hausdorff.  Note  that  the 
topology  which  U  inherits  from  the  subspace  M  coincides  with  that 
which  it  inherits  from  the  space  ]Rn. 

Now,  suppose  x  €  M.  Then  x  is  in  some  coordinate  patch 
U  on  M.  We  have  just  seen  that  there  is  an  open  U-neighborhood 


V  of  x  such  that  V 


is  compact  in  U.  From  the  last  remark 
in  the  preceding  paragraph,  V~U  is  also  compact  in  M.  M  is 

obviously  Hausdorff,  so  V  U  is  closed  in  M.  From  this,  and  the 

-U  -M  -M  -U 

equality  V  -  V  ^M,  it  is  easy  to  see  that  V  -  V  Observing 

that  V  is  also  an  open  M-neighborhood  of  x,  since  U  is  open 

in  M,  ve  conclude  finally  that  x  possesses  an  open  neighborhood  in 

M  with  compact  closure  in  M  (in  passing,  note  that  we  can  easily 

show  also  that  V  ^  is  compact  in  lRn,  with  V  ^  »  V  ).  Thus, 

M  is  locally  compact  and,  of  course,  Hausdorff. 

To  see  that  M  is  a-compact,  first  choose  a  covering 
collection  { ^  of  coordinate  patches  on  M,  then  a  correspond¬ 
ing  collection  (0  }l6j  of  open  sets  in  ]Rn  such  that  *  U^rM  for 
each  i  €  I  (each  U  is  open  in  M) .  Clearly,  is  an 

open  cover  for  M  in  ®n,  whence  the  Lindelof  covering  theorem  shows 

that  there  exists  a  countable  set  I.  C  I  such  that  {U  }  __  also 

0  i  i6Iq 

covers  M.  Thus,  {U  }  e  is  a  covering  of  M  by  a  countable 

\  i*=l0 

collection  of  coordinate  patches.  Each  is  o-compact  as  a 

subspace,  hence  also  as  a  subset  of  M;  ve  conclude  that  M  is 
a-compact.  □. 

[VI. 46]  CONSTRUCTION:  MEASURE  SPACE 

(h(U),(M,  ).  /ft»  A).  Let  M  be  an  (r  ,n  ;q)-manif  old,  and  (U,h) 

Ay  ruu;  h 

a  coordinate  system  in  M.  Then  h(U)  is  open  in  lRr,  and  Jh  1 
is  continuous,  hence  A^-measurable  and  A^-locally  integrable, 
as  well  as  positive,  on  h(U).  All  hypotheses  of  Proposition  [VI. 38] 
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are  clearly  satisfied  in  this  setting,  so  we  obtain  the  measure 

Ah  (VJh-l  °n  (\>h(U)  glven  by 


A,  (E)  :*  Jh  dA  ,  for  each  E  £  (Al,  ) 

hr  A 

L  r 


h(U)  * 


Proposition  [VI. 38]  also  provides  a  number  of  properties  of  the 
measure  space  (h(U),(A^  ^h(U)’^h^:  *s  complete,  regular,  and 

o-finite,  while,  if  f  is  a  complex  function  defined  A r*a.e.  on 
h(U),  then  (the  equivalence  class  containing)  f  £ 

L  (h(U),(M^  ^(UJ’^h^  (the  equivalence  class  containing) 

f*Jh  ^  £  L,  (h(U),(M,  ),  ,„v,A  ),  and  in  either  case,  we  have 
1  h(U}  r 


f-Jh  x  dA  . 

r 


Let  us  show  that  A^  is  a  measure  in  the  sense  of  [Hewitt  and 


Stromberg,  §9]:  the  map  f  I-*- 


f’Jh  dA^  is  clearly  a  Radon 


measure  on  Cn(h(U));  let  AL,  denote  the  a-algebra  of  subsets  of 

°  \ 

h(U),  and  A'  the  measure  on  Al, ,  associated  with  this  Radon 

n  a. 

h 

measure  as  in  [VI. 37].  Then 


j  f 


-1  dA  - 
* 


f  dAh, 


for  each  f  £  Cq(1i(U)). 


Thus,  it  is  clear  that  (h(U)  ,M^ ,  ,A^)  and  (h(U),(A(^  ^h(u)’*h^ 

h  r 


-71- 


4 


fulfill  all  requirements  of  [VI. 41]  (note  that  (M  ),  .  . 

Af  h(L0 

possesses  the  property  of  [VI.37.v];  cf.,  [VI. 43]),  and  we  con¬ 
clude  that  these  measure  spaces  are  identical. 


[VI. 47]  CONSTRUCTION:  MEASURE  SPACE 

(U.M..  , A  ).  Let  M  be  an  (r,n;q)-manifold,  and  U  a  coordinate 

u  u 

patch  on  M;  let  h  be  a  coordinate  funetion  for  U.  Then  we  have 

the  homeomorphism  h  1 :  h(U)  -*•  U  between  locally  compact  a-compact 

Hausdorff  spaces,  and  the  measure  space  (h(U),(M,  A.);  we 

A  n  (.  U )  n 
r 

showed  that  the  latter  is  generated  by-a  Radon  measure  on  CQ(h(U)), 
as  in  [Hewitt  and  Stromberg,  §9].  Consequently,  we  can  specialize 
to  this  setting  the  general  construction  and  results  of  [VI. 39,  40, 
and  42].  We  define  the  mea.iu.'te  4pace  (U,M  ,A  )  to  be  the  l maze 

Ay  u 

ctf  the  meciiuAe  4 pace  (h(U) ,  )  ,Xh)  unde/t  the  mapping 

r  '  ' 

h  *.  Note  that  (U,M  ,X  )  is  a  measure  in  the  sense  of  [Hewitt 

AU  U 


and  Stromberg,  §9],  generated  by  the  Radon  measure  f  1-* 

on  Cq(U) •  We  provide  a 


foh-1  dX  - 

n 


foh”1, Jh”1  dX 


h(U)  h(U) 

list  of  the  properties  of  this  measure  space;  if  the  origin  of  a 
particular  property  is  sufficiently  clear,  we  shall  state  it  without 
further  comment. 


(i)  (U,>'(  A)  is  a  complete  measure  space. 

U  u 

(ii)  8(U)  C  M  ,  and  A  is  regular. 

Ay  U 

(iii)  Ay  is  o-finite.  [For,  U  is  o-compact,  and  Ay 


J 


is  regular,  from  which  the  a-finiteness  of  A  follows.] 


(iv)  If  A  C  u,  then  A  €  M  iff  A^K  €  A(  for  each 

xu  Au 


compact  K  C  U. 


(v)  If  y  is  any  regular  measure  on  M  such  that 

U 

f  du  ■  |  f  dXy  for  each  f  S  Cq(U),  then  y  ■  X^. 


(vi)  If  h  is  any  coordinate  function  for  U,  then  the 
image  (U,M^  ,  Xy)  of  the  measure  space  (h(U).(A^  ^h(U)’^h^  under 

h  *  coincides  with  (U,M  ,X  ).  Thus,  the  latter  is  intrinsic  to 

AU  U 

the  coordinate  patch  U,  -i.e.,  is  independent  of  the  particular 

coordinate  function  used  to  construct  it.  We  are  then  justified  in 

calling  M  the  o-aZgcbra  ofi  Lebtigu.e~mcaAivia.bZe  Aubict.5  c$  u, 
u 

and  Xy  LebeAgue  measu-te  on  U.  [To  see  that  the  first  statement 


is  correct,  we  need  only  show  that 


■ 

f  dxu  . 


f  dXy,  whenever 


f  €  Cq(U).  For  then,  in  view  of  (i),  (ii),  and  (iv),  AupXa  (which 
remain  true  when  Mr  and  X  replace  M  and  X  respectively), 

Au  u  AU  U 

and  the  fact  that  U  is  a  locally  compact  Hausdorff  space,  we 

shall  be  able  to  apply  [VI. 41]  to  deduce  that  (U,M  , X  )  and 

AU  u 

(U,Mr  ,X  )  are,  in  fact,  identical.  Consider,  then,  the  q-regular 
AU  U 

transformation  <t>  hoh  h(U)  -*!Rr,  with  $(h(U))  ■  h(U) , 


cf.,  [VI. 21 ] -  Clearly, 


is  q-regular  from  h(l’)  onto  h(U) , 


while  h~^  ■  h  ^o$  \  on  h(U).  Applying  Proposition  [VI. 13] 
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yields 

Jh"1  -  ( (Jh-1)o4>-1}  |  J$>-1|  ,  on  h(U) .  (1) 


Now, 

choose  f  €  Cq(U) 

.  By  the  manner  in  which  X^,  X^, 

V 

and 

X^  were  constructed,  we  know  that  j 

U 

f  dAu  *  J 

h(U) 

foh  1  dA,  * 
n 

f 

h(U) 

foh™1 • Jh"1  dXr, 

and  f  dX^  = 

U  fi(U) 

foh"1  dX^  - 

J 

h(U) 

foh  1*Jh  1  dX  . 

r 

Thus,  using  [VI. 44] 

to  obtain  the 

second 

equality,  and  (1)  to  obtain  the  third,  we  can  write 
f  _i 

f  dX  -  f oh  «Jh  A  dA 

U  r 

U  h(U) 

-  J  (Jh-1)o<p-1} •  |  1  dXr 

<*>{h(U) } 

■  |  foh  ^Jh  1  dX^ 

h(U) 

•  |  ‘  -V 

u 

As  noted,  the  first  statement  of  (vi)  is  hereby  proven;  the  remain¬ 
ing  statements  are  self-explanatory.] 

(vii)  (h(U) , (M^  is  the  image  of  (U.M^  .Xy) 

under  h.  [This  is  just  [VI.42.i],  re-phrased  for  the  present 
context. ] 

(viii)  A  subset  A  C  U  is  in  XI,  iff  h(A)  €  (M  )  .  .  , 

Att  A  n(u/ 
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■i.Z.,  iff  h(A)  is  a  Lebesgue-measurable  subset  of  3Rr.  Whenever 
A  €  M  ,  its  Lebesgue  measure  is  given  by 

xu 

XyCA)  -  Xh(h(A)) 


h(U) 


h(U) 


=  ,oh-1  dK 
A  h 


dX 

h(A)  r 


|  Jh"1  dXf. 


h(A) 


(2) 


[The  first  statement  is  [VI. 42.11].  For  the  second,  we  refer  to 

[VI. 40. ii]  (noting  that  every  set  in  M  is  X  -o-f inite) , 

U 

1  on  h(U) . ] 


(VI. 46.1),  and  the  obvious  equality  -A°h 


"h(A) 


(ix)  A  complex  function  f  on  U  is  M  -measurable 

U 

iff  fch  1  on  h(U)  is  (M^  -measurable.  [Cf.,  [VI.42.iii] .  ] 

(x)  f  6  L1(U,M^,XU)  iff  foh"1  €  l1(h(U),(Mx  )h(u),Xh) 

iff  foh  ^*Jh  *  €  L^(h(U),(Mx  \(u)’*r^:  ^  any  t^iese 

inclusions  should  obtain,  then 


f  dX 


r 


u 


foh"1  dX, 


foh“1-Jh~1  dX  . 

r 


(3) 


U  h(U)  h(U) 

[Combine  [VI.42.iv]  and  the  property  of  X  described  by  (VI. 46. 2).] 


Apropos  of  (x) ,  note  that  whenever  f  is  an  M  -measurable 


i 
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function  on  U  (which  holds  iff  f°h  ^  is  (M^.  -measurable) , 


r 

and  f  is  non-negative,  then  equality  (3)  must  hold.  For,  if  one 
integral  is  finite,  then  all  three  must  be  finite,  and  equality  must 
hold,  by  (x);  if  one  integral  is  infinite,  then  all  must  be  infinite 
(by  (x)),  and  the  equality  again  holds. 


(xi)  Let  Uq  be  any  non-void  open  subset  of  M,  with 
Uq  C  u  (x.e. ,  Uq  is  any  coordinate  patch  contained  in  U) .  Then 


(AiX  >u 

U  0 


(:=  {A  6  M  |  A  C  u  }), 

u  0 


(4) 


and 


<Vu, 


recall  the  notations  and  remarks 
coordinate  patch  on  M  such  that 
ITU  is  a  coordinate  patch) 


Au'  ^'x^u^5 


of  [VI. 43].  Thus,  if  U  is  any 
UHJ  +  $,  then  (noting  that 


(5) 


and 


(Wxu)ir|u 


MX  - 

iru 


(MX^unu’ 


(6) 


^Xu^mu  “  xipu'  "  ^xu^ipu’ 

-i.e..  ,  "the  Lebesgue  measures  on  overlapping  coordinate  patches  agree 
on  their  intersection."  (The  second  assertion  is  clearly  an 
immediate  consequence  of  the  first.  To  prove  the  latter,  we  wish  to 
use  [VI. 41].  In  view  of  property  (vi) ,  any  coordinate  function  for 


Uq  can  be  used  to  construct  Xy  ;  let  us  use  h|  Uq.  Then,  for 
any  f  e  Cq(Uq),  we  can  regard  f  as  in  Cq(U),  and  write 


j  f  dXy  -  j  foChi  U0)"1.J{(h|  Uq)"1}  dXr 

u0  0  <”1  V(V 


h(U0) 


foh"1* Jh"1  dX 


\  *  foh"1  "Jh"1  d>. 
h(UQ)  r 


=  oh"1 • foh"1 • Jh"1  dX 
U0 


VdXu 


f  d(Vu0* 


In  order  to  assert  that  (Un,  M  ,X  )  and  (U~,(M  )..  , (X..)  ) 

U  AUq  U0  u  Au  U0  U  U0 

are  identical,  u-ca  [VI. 41],  we  now  need  verify  only  that  these 

spaces  are  complete,  that  B(Un)  C  M  r'(M  )  ,  that  X  and 

0  U  U0  U0 

(X  )  are  regular,  and  that  M  and  (M.  )  possess  the 
U  U0  \  AU  U0 

properf'  of  [VI.37.v].  The  requisite  facts  concerning  M 


and  X  are  contained  in  (i),  (ii),  and  (iv),  i upxa;  those 
U0 

concerning  (M.  )..  and  ( A  )  are  implications  of  (i),  (ii), 

u  uo  u  uo 
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(iv),  the  reasoning  in  [VI. 43],  the  fact  that  Uq  is  open  in  U, 

and  the  o-compactness  of  Uq  (cf.,  [VI. 45]).  Thus,  (4)  and  (5) 

are  correct.  We  point  out  that  (M  )  and  (X  )  are  well- 

AU  U0  U  U0 

defined,  since  Uq  is  open  in  U,  as  well  as  in  M,  so  that 
Un  €  6(U)  CM.  .] 

In  passing,  we  note  that  there  is  no  inconsistency  problem 

in  the  case  of  an  (n,n;q)-manifold  M,  on  which  we  already  have 

the  Lebesgue  measure  (A^)^.  For,  in  this  case,  the  single 

coordinate  system  (M,i„),  where  iw  is  the  identity  on  M,  serves 

MM 

for  the  construction  of  (M,M.  ,X_,),  and  from  (viii)  it  is 

XM  M 

immediately  evident  that  M,  *  (M,  and  X„  *  (X  ),.,  since 

X,,  AM  M  n  M 

M  n 

Ji"1  *  JiuX  “1  on  M. 

M  M 

Property  [VI.47.xi]  leads  one  to  suspect  that  there  exists 
a  measure  on  the  whole  of  an  (r,n;q)-manifold ,  the  restriction  of 
which  to  any  coordinate  patch  coincides  there  with  the  Lebesgue 
measure  for  the  coordinate  patch.  We  shall  presently  show  that  this 
is  indeed  the  case.  The  construction  of  this  measure  is  most 
easily  accomplished  v-La.  the  device  of  a  partition  of  unity  for  a 
manifold  (cf.,  Fleming  [15]),  so  we  prepare  certain  facts  in  this 
direction. 

[VI. 48]  DEFINITION.  Let  M  be  an  (r,n;q)-manifold, 
p€ifJ{«},  and  {U^}  a  covering  collection  of  coordinate 

patches  in  M.  A  family  of  functions  {ir^}  is  a  locaJLitj  jj.uu.te 


p-pantltion  o£  unity  ion.  M,  iubcn.cU.nate.  to  the  covet  {iM  6I  iff 

(i)  for  each  \  €  I,  6  C^(M),  0,  and  there 

exists  y  £  I  such  that  supp  it  is  compact  and 

contained  in  U  , 

\ 

(ii)  whenever  K  C  m  is  compact,  there  exists  an  open 
neighborhood  W  of  K  in  M  and  a  finite  set 

C  I  such  that  it  (x)  *  0  for  each  i  €  ini' 
and  x  £  W, 

and 

(iii)  £  it  (x)  ■  1,  for  each  x  £  M.  D. 

i€i  1 

The  existence  of  such  partitions  of  unity  is  easy  to  prove, 
from  the  familiar  fact  that  there  exists  a  smooth  locally  finite 
partition  of  unity  subordinate  to  an  open  cover  of  a  subset  of  3Rn : 

[VI. 49]  LEMMA.  Let  T  be  a  iamlly  o&  open  icti  in  ®n; 
unite  fl  ■  o  r.  Then  theae  exliti  a  l countable)  collection 
c  c“(n)  iuch  that 

(i)  ^  >  0  o'oa  each  i  e  u, 

[ii)  supp  -ci  contained  in  icme  membex  cfr  r,  jot 


each  i  £ 


(cv)  whenever  K_c  n  is  compact,  there  ex-ti-ti  an  m  e  K 
and  an  open  set  w,  with  K  c  w  c  n,  tuck  that 
i^(x)  *  0  whenever  i  >  m  and  x  €  w. 

PROOF.  This  is  Theorem  6.20  of  Rudin  [47].  □  . 

[VI. 50]  PROPOSITION.  Let  M  be  an  (r,n;q ) -manifold 
and  a  covering  collection  oh  coordinate  patches  on  M. 

Then  there  exist*  a  countable  family  fioxming  a  locally 

finite  q-partition  oh  unity  qo*  m,  subordinate  to  the  cover 
(U  }  eT. 

i  i^i 

PROOF.  For  any  i  €  I ,  is  open  in  M,  while  M  is  a 

locally  compact  Hausdorff  space  ([VI. 45]),  so  we  can  find,  for  each 

-M 

x  €  U  ,  an  M-open  neighborhood  U  of  x  such  that  U  C  u 
l  r  ®  i  x  ix  i 

-M 

and  Uix  is  M-compact  (cf.,  Hewitt  and  Stromberg  [20],  Theorem 

(6.78)).  Since  the  topology  on  M  is  that  inherited  from  ]Rn,  it 

-M  n 

is  clear  that  U^x  is  compact,  hence  also  closed,  in  K  .  From 

this,  and  the  equality  U  M  ■  U  rM,  it  follows  that  U  M  »  U 

1  ix  ix  ix  ix 

The  resulting  collection  (U^l  \  €  I,  x  €  }  is  then  an  M-open 

cover  of  M.  For  each  \  6  I  and  x  €  u  ,  select  an  open  set 
U  C]Rn  for  which  U  -  U  DM.  Set  T  :»  {U  |  \  6  I,  x  <=  U  }; 

IX  \X  IX  IX  1 

T1  oo 

r  is  a  covering  of  M  by  open  subsets  of  1R  .  Let  C 

Cq(Li  T)  be  as  in  [VI. 49],  and  define  :*  i(i  |  M,  for  each 

i  €  JJ:  we  claim  that  fulfills  all  requirements  of  [VI. 48]. 

00  00 

First,  n  >_  0,  and  £  n.(x)  »  £  ii>  (x)  *  1  for  each  x  €  M, 

i-1  i-1 
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from  [VI . 49 . i]  and  [VI. 49. ill],  respectively.  Next,  suppose  K 

is  compact  in  M.  Then  K  C  u  p  and  is  compact  in  ]Rn,  so,  by 

[VI.49.iv],  there  are  an  open  set  W  C  ]Rn  such  that  K  C  W  C  u  r, 

and  an  m  €  ]N  such  that  ^(x)  *  0  for  i  >  m  and  x  €  U.  Set 

W  W~sM:  W  is  an  open  neighborhood  of  K  in  M,  and  it^(x)  ■ 

<|/^(x)  *  0  for  i  >  m  and  x  €  W.  Now,  choose  i  €  ]N:  we  must  show 

that  supp  is  compact  and  contained  in  some  U^  (i  €  I). 

According  to  [VI.49.ii],  supp  ip  C  U  for  some  \ €  I, 

liXi 


x.  €  U  .  Thus, 

i  i. 


supp  :•  {x  €  M|  tt^(x)  +  0} 


-M 


{x  €  M|  \p  (x)  +  0}>M  C  supp  C  0  "M 

x  i  i 


J  c  u  c  u  . 

lixi  !ixi  ]i 


At  once,  we  see  that  supp  ir  C  U  ,  and  supp  tt  is  compact  in  M, 

1  'i  1 

since  supp  is  closed  in  M  and  contained  in  the  compact 

subset  U  (then  supp  ir,  is  also  compact  in  lRn) .  Finallv, 

'ii  1 

we  verify  that  €  Cq(M):  let  (U,h)  be  any  coordinate  system 
in  M.  Since  h"1  6  Cq(h(U)  *3Rn) ,  with  h_1(h(U))  -  U  C  M  C  U 
and  €  CqO-1  T),  it  is  obvious  that  i^oh”1  e  Cq(h(U)).  But 
ir^oh  *  -  i^ch  *  on  h(U),  so  ir^oh”^  S  Cq(h(U)).  It  follows 
that  €  Cq (M) .  □. 


We  can  now  produce  the  Lebesgue  measure  on  a  manifold. 


[VI. 51]  CONSTRUCTION:  MEASURE  SPACE 
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(MjM,  ,Xw).  As  usual,  let  M  be  an  (r,n;q)-manifold.  We  define 
AM  M 

a  Radon  measure  on  Cq(M) :  select  a  covering  collection 

00 

{(U^.h^)}^  of  coordinate  systems  in  M,  and  let  be 

a  (countable)  locally  finite  q-partition  of  unity  for  M, 


subordinate  to  the  covering  For  each  i  €  ]N,  select 

i(i)  6  I  such  that  supp  C  ^  .  Now,  suppose  f  €  Cq(M) . 
For  each  i  6  ®,  it  f  is  continuous  and  has  compact  support  in 


i  (i)  ’ 


(nif) 


In  fact,  in  view  of  the  compactness  of  supp  f,  and  [VI.48.ii], 

there  exists  an  m,  €  U  for  which  it.f  ■  0  whenever  i  >  m  . 

f  i  f 

Consequently,  setting 


we  see  that  the  sum  is  actually  finite.  This  process  clearly  defines 

a  non-negative  linear  functional  A^  on  Cq(M) •  Let  us  convince 

ourselves  that  Aw  is  "intrinsic"  to  M,  i.Z. ,  that  it  does  not 

depend  upon  the  particular  auxiliary  objects  chosen  for  its 

construction.  Let  (V  }  _.  be  a  covering  collection  of  coordinate 

y  Y^J 

patches  in  M,  a  locally  finite  q-partition  of  unity  for 
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M, 

subordinate 

to  {V  }  _T, 

Y  Y€J 

such 

that 

supp 

ni  C  VY(i)‘ 

00 

r 

l 

! 

n.f 

dX  for 

i-1 

» 

V  , 

i 

f  j  \ 

i 

VY(i) 

Y  (i) 

is  finite,  and  A  is  a  Radon  measure  (note  that  the  selection  of 
coordinate  functions  for  the  patches  is  in  no  way  essential  to  the 
construction).  Let  f  £  Cq(M).  For  each  i  €  U, 


V  d\ 


YU) 


Y(i) 


(  7  tt  . *n . f  dx„ 

,  j  j-1  J  1  VY(i) 
Y(i) 


j-1 


B j^if  dXv 


Y(i> 


YU) 


(supp  n±  is  compact  in  M,  so  “  0  on  M  for  all  j  > 

some  m^  €W,  and  the  sum  is  finite);  since  supp  C 

for  each  j  €]N,  and  in  view  of  [VI.47.xi],  we  can  write  further 


V  dxv 


Y(i) 


-  j  I 

V<1)  3-1  \«)OU,(3) 

•  I  f 

j-1  y  ojj 

Y(i)  l(J) 


irjnif  dxv 


Y(i) 


dXV  .  .C>U  .  ' 

J  Y(i)  i(j) 


Finally,  we  arrive  at  the  equality 

Af  :•  I  [  ITf  dX„ 

i-1  J  1 

*  *  »» 


Y  (i) 


Y  ( i) 
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cc  oo 

l  l 

±ml  i*1  v  nu 

Y(i)  i(j> 


7,jJ'if  dXV  .  nu  * 
y(i)  uj) 


co  oo 

Retracing  the  reasoning  with  the  roles  of  (it  and 

OO  <30 

{ U ^  ^ } i— 1  and  ^Vy(i)^i*l  reverse^>  and  keeping  in  mind  the 

finiteness  of  the  sums,  we  come  to  the  same  expression  for  Awf 

M 

as  that  displayed  in  (3)  for  Af.  Thus,  A  *  A... 


(3) 


We  deUne  the  measure  -ipace  (M,M,  ,A„)  to  be  that  associated 

XM  M 

with  the  Radon  measure  A,.  in  the  -seme  c<  [Hewitt  and  Stromberg , 

§9];  M  is  the  o- algebra  o£  Lebesgue- measurable  subsets  M, 

XM 

and  A,.  is  the  Lebesgue  measure  on  M.  Clearly,  by  what  was  just 

proven,  A„  is  intrinsic  to  M,  i.e.  ,  it  does  not  depend  on  the 
M 

particular  auxiliary  objects  (covering  coordinate  patches, 
partition  of  unity)  chosen  for  its  explicit  construction.  Perhaps 
we  should  point  out  that  it  is  legitimate  to  invoke  the  construction 
outlined  in  [VI. 37],  since  M  is  locally  compact  and  Hausdorff 
([VI. 45]). 


We  proceed  to  a  listing  of  the  more  immediate  properties  of 
XM;  throughout,  {(U^  ,l\)}i€i’  *Wi^i“l’  and  retain 

their  meanings  as  set  down  already. 


(4) 
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for  f  €  Cq(M) . 

(ii)  (M,M.  ,  X  )  is  complete. 

XM  M 

(iii)  8(M)  C  ,  and  X^  is  regular. 

M 

(iv)  If  ACM,  then  A  €  M  iff  A^K  €  M,  for  each 

M  Si 

compact  K  C  m. 

(v)  X^  is  o-finite.  [For,  M  is  o-compact,  and  X^ 
is  regular.] 


(vi)  Let  U  be  any  coordinate  patch  on  M.  Then 


(U  €  B(M)  C  M  ) 


\ '  (\V 


(5) 


and 


xu  “  (Vu 


(6) 


(recall  the  notations  established  in  [VI. 43]).  [To  see  that  this  is 
so,  first  let  f  €  Cq(M) ,  with  supp  f  C  u.  Then 


f  d  ( X 


M)U  "  f 


f  dX 


M 


U 

; 

M 


f  dX 


M 


l 

i-1 


V  dxu 


»(i) 


'i(i) 
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U 


having  made  use  of  [VI.47.xi],  the  vanishing  of  all  but  a  finite 

number  of  the  on  supp  f,  and  the  fact  that  supp  tt^  C  U  ^ 

for  each  i  €B.  Using  [VI.47.i,  ii,  and  iv],  (ii),  (iii),  (iv) , 

and  [VI. 43],  recalling  that  U  is  open  and  o-compact  in  M,  it 

follows  that  all  hypotheses  of  [VI. 41]  are  fulfilled  by  (U,M  , X  ) 

AU 

and  (U,(M,  ),.»(X„),T).  These  measure  spaces  are  therefore  identical.] 
A  U  MU 
PI 

(vii)  Let  (U,h)  be  any  coordinate  system  in  M.  A  subset 

A  C  u  is  in  W,  iff  h(A)  is  a  Lebesgue-measurable  subset  of 

r  « 

K  ,  in  which  case  we  have 

Xm(A)  -  Xy(A)  -  Xh(h(A))  -  Jh  1  d).r.  ( 

h(A) 

[Simply  combine  (vi)  and  [VI. 47.viii] . ] 

(viii)  Let  (U,h)  be  any  coordinate  system  in  M.  A 


complex-valued  function  f  on  U  is  (A!  )  -measurable  iff  fch 

am  u 

on  h(U)  is  (M,  -measurable;  if  f  is  (M,  ), -measurable 

A  ntu;  A  u 

r  m 

and  non-negative,  then 


f  dA 


M-j  fd(Vu 


foh-1-Jh 


U  U  h(U)  h(U) 

Moreover,  f  €  I^OMAI^  iff  f°h_1*Jh_1  £ 

M 

L,  (h(U) ,  (Al.  )./tT.,\  );  in  either  case,  equality  (8)  holds, 
l  A^  nil);  r 

(vi)  with  [VI.47.ix,  x]  and  the  remark  following  [VI. 47.x].] 


dA  . 
r 


[Combine 


(ix)  Let  f  be  a  complex-valued  function  on  M.  Then  f 

is  Al.  -measurable  iff  fj  U  is  (,W  )  -measurable  for  each 
AM  am  U 

coordinate  patch  U  on  M,  which  holds,  in  turn,  iff  (fj  U)oh-1 
is  (Al^  )ti^uj-measurable  for  each  coordinate  system  (U,h)  in  M. 


To  show  that  f  is  Al  -measurable,  it  suffices  to  show  that 

M 


(f|  U^Joh^  is  (Al^  )  .  .-measurable  for  each  i  £  I  Cc.e.  ,  it 

r  i 'ui' 

suffices  to  consider  any  fixed  covering  collection  {(U^.h^)} 
of  coordinate  systems  in  M) . 


[Let  f  be  Al  -measurable.  Choose  any  coordinate  patch  U  on  M. 
M 


If  v 

is 

open  in 

K,  then  (f|  U) 

_1(V) 

-  unf_1(v)  e  Al 

M 

and 

C  u 

Thus, 

fl 

U  is  ( 

Al  )  -measurable. 

am  u 

Now, 

suppose  that  f; 

U 

is 

(Al.  )  -measurable  for  each  coordinate  patch  U  on  M;  in  particular 
M  U 


1* 


(8) 


this  is  true  for  each  U 


x  €  I.  We  can  extract  from  the  cover 
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a  subcover  ,  where  Iq  C  I  is  countable  (cf., 

the  proof  of  [VI. 45]).  Let  V  CK  be  open.  Then  U  nf”^(V)  - 
(f|  U  )  ^(V)  £  (M.  )  C  M  for  each  i  €  I  so  also  f  ^ (V)  = 

'  AM  am  0 

u  -T  (U  °f  ^(V)}  S  M  ,  since  M  is  a  a-algebra.  Thus,  f  is 
1  lQ  1  AM  AM 

M  -measurable.  By  (viii) ,  f  |  U  is  (M^  )  -measurable  iff 
AM  n  U 

(f|  U)°h  *  is  (M^  )  .y. -measurable,  where  (U,h)  is  any  coordinate 

system  in  M.  These  facts  show  that  the  first  statement  of  (ix)  is 
correct.  The  second  statement  is  a  corollary  of  the  reasoning  just 
completed. ] 


(x)  Let  f  be  a  non-negative  M  -measurable  function  on 

AM 


M.  Then 

M 


f  "m*  I 


i-1 


V  dXM 


M 


I 

i-1 


V  dxM 


'i(i) 


(9) 


-  I 

i-1 


WW 


<*.*K(i>Au>  dV 


[A  well-known  theorem  of  Lebesgue  (Hewitt  and  Stromberg  [20], 


Theorem  (12.21))  permits  us  to  write 


M 


l  h 

i-1  x 


dA 


M 


l 

i-1 


dl^  for  any  sequence  of  non-negative 


M 


m 

measurable  functions  on  M;  the  sequence  (i»^f)^M^ 


fulfills  these 
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[We  may  suppose  that  f  is  defined  on  M.  Since  f  is  M  - 

M 

measurable,  f  €  1  (M,M  ,X  )  iff  |  £ j  €  L,  (M,M  ,XM),  i.e., 

1  M  1  a..  M 

M  M 

iff  |  |f!  dX^  <  ®.  The  latter  obtains,  in  view  of  (x) ,  iff  (10) 

M 

or,  equivalently,  (11)  should  hold.  If  f  €  L, (M,M  ,X  ),  the 

equalities  in  (12)  follow  from  the  definition  of  the  integral  of  a 
complex  function  in  terms  of  integrals  of  non-negative  functions, 
and  the  fact  that  (12)  holds  for  a  non-negative  integrand,  by  (9).] 


For  our  purposes,  the  following  "transformation  of  integrals" 
result  proves  to  be  quite  a  useful  by-product  of  the  develop¬ 
ment  of  the  Lebesgue  measure  on  a  manifold. 


[VI. 52]  THEOREM.  Let  M  be.  CM  (v,n;q) -manifold.  Let 
men,  and  S uppos e  that  g:  M  •+•  3Rm  is  a  q-imbedding;  the 
asieations  OjJ  Theorem  [VI.30]  hold,  4>o  that.  In  patiticuJLax,  g(M) 
is  an  (r,m;q)  -manifold. 


U)  A  Subset  E  c  g(M)  is  in 
1(5  E  e  M  ,  then 


g(M) 


ill  g_1 (E)  €  M  . 

AM 


Xg(M)(E) 


g(M) 


M 


Vg’Jg  % 


Jg  dXM. 


g_1(E) 


(ii)  A  complex  function  f  on  g(K)  is  M  -measurable 

g(M) 

-t(5a  fog  is  M  -measu-iabie. 
am 


(iii)  A  complex  function  f  defined  x^^-a.e.  on  g(M) 


(1) 
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in  L. (g(M) ,M  ,X  ,  .)  m  fcg-Jg  e 

i  Ag(M) 

i.  (M,M  ,  X  ) ;  either  tneJLuAion  ikouZd  held,  then 
1  XM  M 

f  dXg(M)  "  f  f°g‘Jg  dV 

g(M)  M 

tfv)  I|$  f  non- negative  and  Al.  -meaAuAable  on 

g(M) 

g(M),  then  eqaatity  (2)  hold*. 


PROOF.  Since  M  is  a  locally  compact  o-compact  Hausdorff 

space,  !,  ,  X  )  is  complete,  8(M)  C  M,  ,  X,,  is  regular, 

XM  M  XM  M 

Jg  >  0,  and  Jg  €  L^OC(M,M  ,X  )  (Jg  is  continuous:  cf.,  [VI. 25]), 

1  XM  M 

we  can  construct  the  complete  measure  space  (M,M,  ,(X„)T  )  as  in 

XM  M  ■'8 


Proposition  [VI. 38],  where  :=  J  ^8  d^H’  ^or  each 


A  6  M  .  (X  ) j  is  regular  and  o-finite.  In  fact,  (M,M,  ,(XU)T  ) 
XM  M  Jg  XM  M  Jg 

is  the  measure  space  associated  with  the  Radon  measure  f  \-+ 

’ 

fjg  dX^  on  Cq(M)  as  in  [VI. 37]:  this  follows  from  [VI. 41], 


once  we  take  into  account  the  properties  just  cited,  those  of  [VI. 37], 


[VI. 51. iv] ,  and  the  equality  f  d(X  ) 


fjg  dX  for  f  e 
M 


Cq(M)  ( [VI. 38. iii]) 


Now,  it  is  a  simple  matter  to  check  that  the  prerequisites 

of  the  construction  effected  in  [VI.  39]  are  met  by  (M,M,  ,  (X_,)7  ) 

XM  M  Jg 

and  g:  M-»g(M).  Thus,  the  image  (g(M),M^x  ^  )g’^XM^Jg^ 
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of  (M,M  ,  (A  ),  )  under  g  is  defined;  for  brevity,  let  us  write 
XM  M 

p 

W  :*  M,,.  ,  »  and  A®  :*  ((O,  )  .  This  image  is  a  measure 

A®  ((XM)Jg)g  M  M  Jg  8 

n 

space  in  the  sense  of  [Hewitt  and  Stromberg,  §9],  viz.,  that  generated 


by  the  Radon  measure  f  \-> 


f 


fog  d(Vjg 


|  fogJg  dXM  on  CQ(g(M)), 


M 


and  so  possesses  the  properties  of  [VI .37].  The  conclusions  of 
both  [VI. 40]  and  [VI. 42]  can  be  applied  in  the  present  setting,  the 
mapping  g:  M  ■*  g(M)  being  a  homeomorphism,  since  g:  M  -*•  Kra  is 
a  a-imbedding  ( [VI.23.iv.l]) . 


We  claim  that  the  measure  spaces  (g(M),f!,  ,A  )  and 

Xg(M)  8(M) 

(g(M),M  , A®)  coincide.  Let  us  suppose  for  the  moment  that  this 

\  g  n 
M 

has  been  proven,  and  check  that  all  conclusions  of  the  theorem  follow 
thereby: 


(i)  By  [VI.42.ii],  a  subset  E  C  g(M)  is  in  M  iff 

A8 

M 


g  ^(E)  €  M  .  Since  M  ■  M.  ,  the  first  part  of  (i)  follows. 

'  *  -  '■*' 


A8 

xm 


A®  g(M) 


Since  A  *  A8  and  A  is  o-finite,  [VI.40.ii]  gives, 

gtM;  M  gtM; 


whenever  E  €  M 


,  M  ,  using  the  definition  of  (AW)T  , 

A  _  ^  8  M  J  g 

M 


g(M)  \i 


Xg(M)(E)  ■  X5(E)  ■  (1M>J8"'1(E» 


Jg  dxM. 


g_1(E) 


Thus,  (i)  is  correct. 


,  (ii)  is  an 


(ii)  From  the  equality  M 

A 

immediate  consequence  of  [VI. 42. iii] 


g 

M 


g(M) 


(iii)  From  [VI.42.iv],  a  complex  function  f,  defined 
A*-a.e.,  *.e.,  xg(M)-a*e-»  on  g(M),  is  in  L^gOO.M  g,A8)  * 


M 


L1(g(M),Mx  ,A  )  fog  €  J,  but  [VI. 38. iv] 

g(M)  M 

says  that  the  latter  inclusion  is  valid  iff  fog*Jg  €  L , (M,M,  ,  A  ). 

1  am  M 

If  any  one  of  these  inclusions  should  hold,  (VI. 42.1)  and 
[VI. 38. iv]  give 

r 

i  8 


f  dA 


g(M) 


f  dA 


M 


’ 

M 


f°S  d(AM)Jg 


fog»Jg  dAM, 


g(M)  g(M)  M  M 

which  is  just  (2).  This  completes  the  proof  of  (iii). 


(iv)  Statement  (iv)  is  a  simple  consequence  of  (iii).  For, 

let  f  be  non-negative  and  M.  -measurable  on  g(M) .  If  one 

g(M) 

of  the  Integrals  appearing  in  (2)  is  finite,  then  both  must  be 
finite,  and  (2)  holds,  by  (iii).  On  the  other  hand,  if  one  of  the 
integrals  in  (2)  is  infinite,  both  must  be  infinite,  so  (2)  holds, 
again  by  (iii).  Note  here  that  fog*Jg  is  M.  -measurable,  by 

(ii)  and  the  continuity  of  Jg. 


Thus,  the  proof  of  the  theorem  is  reduced  to  verifying  that 

(g(M)  ,M.  *  (g(M)  ,A1  .\b,  for  which  we  shall  appeal, 

Xg(M)  8(M)  A8  M 

as  usual,  to  [VI. 41].  A  quick  check  of  the  properties  of  these  two 


-33- 


measure  spaces  (cf.,  [VI.37.ii-v])  shows  that  it  is  enough  to  prove 

that  |  f  dXg(M)  ■  f  dx^.  for  each  f  €  CQ(g(M)), 

g(M)  g(M) 

considering  the  hypotheses  of  [VI. 41].  We  already  know,  however, 

by  the  manner  in  which  X®  :»  ((X„)T  )  and  (X..),  are  con- 

M  M  Jg  g  M  Jg 

structed,  that 


fdxj.j  fogd(XM)Jg-j  fog-Jg  dX, 
g(M)  M  M 


whenever  f  £  Cg(g(M)).  Therefore,  we  wish  to  demonstrate  that 


* 

f  dxg(M)  *  fog-Jg  dX^,  for  each  f  €  CQ(g(M)).  (3) 

g(M)  M 


Suppose,  first,  that  f  G  C^CgCM))  with  supp  f  C  U,  where  U  is 

any  coordinate  patch  on  g(M) .  Choose  a  coordinate  function  h  for 

U.  If  we  set  U  :*  g  1(U)  and  h  :»•  ho(g|  U) ,  then  U  is  open  in 
M,  h(U)  ■  h(U)  is  open  in  1R  ,  and  h  is  clearly  a  homeomorphism 

of  U  onto  h(U) .  Since  h  1  ■  g  ^oh  1  and  g  1 :  g(M)  -+  ]Rn 

is  a  q-imbedding  ( [VI. 30. iii]) ,  it  follows  that  h  1  G 
Cq(h(U) 3Rn)  and  rank  Dh  ^(x)  *  r  for  each  x  €  h(U).  Thus, 

(U,h)  is  a  coordinate  system  in  M.  Note  that  h  1  *  goh  1 . 
Recalling  (VI. 24. 3),  we  have 


{(Jg)oh  ^}*Jh  1 


(goh-1) .jA. . .A(goh  1).rl 

IhTjA.^Ah;1! 


[h;jA...Ah;Ji 


-  |  (goh-1)  ^A. .  .A(goh  1),rl 


J(goh*1)  -  Jh-1 


on  h(U)  *  h(U).  Then,  using  [VI,51.vi]  and  (VI. 47. 3)  gives, 
since  supp  fog  C  g  ^(u)  ■  U, 


fOg.Jg  d\  -  fog'jg  dX- 

J 

0 

-  | 

fogoh  ^'(Jg)oh  ^*Jh  ^  dXf 

h(U) 

f 

m 

h(U) 

foh-1'Jh-1  dX  . 

r 

But  also,  again  from  [VI.51.vi]  and  (VI. 47. 3), 

f  f  f  - 1-1 

f  d*  ^  -  f  dX  -  foh  *Jh  A  dX  . 

P.(M)  J  U  J  r 

g(ll)  U  h(U) 

This  establishes  (3)  for  the  case  in  which  supp  f  is  contained  in 
a  coordinate  patch  on  M. 

Now,  considering  the  general  case,  let  f  €  CQ(g(M)).  Let 
be  a  covering  collection  of  coordinate  patches  on  g(M) , 

do 

(ir  a  locally  finite  q-partition  of  unity  subordinate  to 

{U  and,  for  each  1  EK,  choose  \(i)  €  I  such  that 

supp  C  For  each  i  G  I,  set  :■  g  ^(U^),  and  for  each 

i  6K,  set  :*  ir^cg.  Then  it  is  easy  to  check  that  ^-^ei 

00 

is  a  covering  collection  of  coordinate  patches  on  M, 
is  a  locally  finite  q-partition  of  unity  for  M,  subordinate  to 
and  supp  C  for  each  i  €  K.  For  example,  to 

see  that  tt ^  €  Cc,(M),  let  (V,k)  be  any  coordinate  system  in  M. 
(g(V)»(g°k  is  then  a  coordinate  system  in  g(M)  (cf.,  the 
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proof  of  [VI. 30]),  (gok  ^(g(V))  -  k(V),  and  the  inverse  of 

(gok  ^  is  gok  \  Since  it  6  C^(g(M) ) ,  we  have  ir^ok  ^  » 

ir^ogok  ^  £  C°(k(V)):  it  follows  that  ir^  £  C°(M).  We  omit  the 

details  required  to  verify  the  remainder  of  the  assertions  made 

above.  Now,  certainly  f  £  L.(g(M),M.  ,  A  .  .),  since  supp  f 

1  g(M)  8W 

is  compact  and  A  ^  is  regular,  and  supp  ir^f  C  for  each 

i  £  W.  Then,  using  [VI.51.xi]  and  the  preliminary  result  for 
continuous  functions  with  support  in  a  coordinate  patch. 


f  dA 


g(M) 


g(M) 


I 

i-1 


g(M) 


if  f  dA 
i  g(M) 


«  I 

i-1 

OP 

“  l 

i-1 


J  ("jOog-Jg  dAM 

M 

i^fog’Jg  dAM 
M 


-  |  fog-Jg  dAM, 
M 


the  last  equality  holding,  again,  by  [VI.51.xi],  since  we  obviously 

have  fog'Jg  €  L. (M,M,  ,AU).  Thus,  (3)  has  been  proven,  and,  with 
1  am  M 

it,  the  theorem.  □. 


Let  us  observe  that  [VI. 52]  holds  in  the  case  r  -  n  -  m, 
-t.e.  ,  when  M  is  open  in  ]Rn,  and  g:  M  -*■  lRn  is  q-regular. 

Then  Jg  -  |jg|  ([VI.  13]),  and  A^,  Xg(jj)  become  restrictions 
of  the  usual  Lebesgue  measure  A  ,  so  (VI. 52. 2)  reduces  to  the  more 
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familiar  formula  for  the  transformation  of  a  Lebesgue  integral  over 
an  open  subset  of  Hn;  note  the  remark,  following  [VI. 47].  In 
this  case,  [VI. 52]  complements  [VI. 44]. 

In  the  next  group  of  sections,  we  present  and  examine  various 
regularity  hypotheses  for  open  subsets  of  ]Rn. 

[VI. 53]  DEFINITIONS.  Let  0  be  an  open  subset  of 
®n  (n  _>  2)  ,  and  q  6  HJ{®} . 

(a)  Let  x  €  3ft;  0  is  q— teg uZcLK  at  x  iff  there  exist 

an  open  neighborhood,  Ux,  of  x  in  ]Rn  and  a 

function  4>  €  C^(U  )  such  that 
X  X 

(i)  grad  $x(y)  +  0  for  each  y  €  Ux, 

(ii)  3fi0Ux  -  (y  €  ux|  $x(y)  -  0], 

(iii)  srux  -  {y  €  ux(  $x(y)  <  0}. 

(b)  ft  is  a  q-azguZa/L  domain  iff  £2  is  q-regular  at 
each  x  €  3ft. 

[VI. 54]  REMARKS.  Suppose  that  ft  C]Rn  is  open.  (a)  If 
ft  is  q-regular  at  x  €  3ft,  then  x  lies  in  a  relatively  open 
subset  of  3ft  which  is  an  (n-l,n;q)-manifold  (e.g.,  the  set 
3ftnUx  of  [VI. 53. a]),  and  ft  is  in  fact  q-regular  at  each  point 
of  this  open  subset.  Consequently,  any  non-void  set  T  C  3ft  such 
that  ft  is  q-regular  at  each  x  €  T  must  be  contained  in  an  open 
subset  of  3ft  which  is  an  (n-l,n; q)-manifold  and  at  each  point 
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of  which  0  is  q-regular  (e.fl.,  the  set  U  { };  cf., 

y^r  y 

also,  Remark  [VI. 4. b]).  If  0  is  q-regular  at  x  €  3 0,  then 
0  "lies  on  one  side  of  its  boundary  in  a  neighborhood  of  x." 

(b)  If  0  is  a  q-regular  domain  with  30  +  0,  clearly 
is  an  (n-l,n;q) -manifold.  A  q-regular  domain  need  not  be 
connected. 

• 

[VI.  55]  PROPOSITION.  Let  0  be  a  fieQulaAZiJ  open 
iubiet  c jj  ®n. 

U)  Suppose  that  ft  li>  an  (n-l,n;q) -manifold  a'liich  ii 
aeiativeZy  open  in  30.  Then  0  and  0_ '  ate 
q--t egulaA  at  each  point  m. 

Ui)  I ^  30  ii  an  (n-l,n;q)-mani6cid,  then  0  and  0-’ 

axe  q-xegu-tax  domain 5 . 

PROOF.  (I)  Choose  any  x  €  M.  Since  M  is  an  (n-l,n;q)- 
manifold,  there  exist  an  open  neighborhood,  Ux>  of  x  in  ]Rn 
and  a  function  $  €  C^(U  )  such  that  grad  $  (y)  ^  0  for  each 

••X  X 

y  €  u^,  and  *  {y  e  Uxl  $x(y)  “0}.  M  is  open  in  30,  so 

we  can  find  an  open  neighborhood,  Ux>  of  x  in  lRn  such  that 
U  C  U  and  SOPU  C  M.  Let  ♦  :■  t  |  U  :  then  it  is  obvious 

that  $  e  Cq(U  ),  grad  $  (y)  i  0  for  each  y  €  0  ,  and 
30~Ux  »  [y  €  u|  «  (y)  -  0}.  If  ie[l,...,n},  and  y6|t", 
let  us  denote  by  X ( i)  the  increasing  (n-l)-tuple  which  is 
obtained  from  (l,...,n)  by  deleting  i,  and  write  y^  :■  5*^(y) 


Then,  by  the  implicit  function  theorem,  there  exist  an  i  £ 
(l,...,n},  an  open  neighborhood  of  x,  C  u  ,  an  open  neighbor¬ 
hood  of  x.  .,  V  C  IRn  and  a  function  <J>  £  C^(V  )  for  which 

Ux;  X  x 

{y  6  ^x1  Vy)  ■  *  {y  £TRn\  y(1  v  e  v  ,  y  x  *  4>(y,  ,)}. 

k  x'  v  x' 

Clearly,  since  C  u 

m 

{y  €  W  ]  t  (y)  -  0}  *  300W  . 

X  X  X 

Now,  choose  e  >  0  such  that  B^(x)  C  w^,  then  choose  6  €  (0,  c/2] 

such  that  ^(x,  .)  C  v  and  |$(2)-$(x,.  . )  |  <  e/2  whenever 

6  x  Ux) 

z  e  B"~1(x^i  ^) .  Set 

d,  =•  y«x>  6*r1<x(v»- 

and  define  t  :  U  -*■  ]R  according  to 
x  x 

i 

*x(y)  :•  y  X-<Ky(i  for  each  y  e  Ux< 

Obviously,  U  is  an  open  neighborhood  of  x  in  ]Rn,  <t>  €  C^(U  ), 

X  XX 

and  grad  4>x  does  not  vanish  on  Ux-  Moreover, 

300Ux  -  {y  €  Ux|  $x(y)  -  0): 

for,  if  y  £  3flnu  ,  then  y  £  3f/'W  ,  whence  y.  .  £  V  and 

X  X  \  1  /  X 

i  x 

y  x  ■  $(y  .),  so  $  (y)  ■  0;  if  y  £  U  and  i  (y)  *  0,  then 

\  1  /  X  XX 

x  i 

y(i  )  €  B5  1^x(i  ))  C  and  y  X  “  ^^y(i  )*»  so  y  £  Next» 


define 
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U  {y  e  U  |  4>  (y)  <  0}  and  U  ,  {y  e  U  |  $  (y)  >  0}; 

X-  X  X  X+  X  1  X 

note  that  U  ■  U  1~,U  u{3flTU  }.  We  claim  that  (exactly)  one  of 

X  x-  X+  X 

the  equalities  ftT'U  *  U  ,  ■  U  is  true;  if  the  former 

X  X“  X  Xt 

holds,  then  and  fulfill  all  requirements  of  [VI. 53. a], 

while  if  the  latter  equality  is  valid,  then  U  and  -f  fulfill 

X  x 

those  requirements.  Thus,  the  q-regularity  of  SI  at  x  will 
follow  once  the  claim  has  been  substantiated. 

To  see,  then,  that  (precisely)  one  of  Qf-U  *  Ux_,  QTUx  * 

Ux+  is  true,  suppose  that  and  Ux+  have  been  shown  to  be 

— 1  to 

connected.  Obviously,  3ftTUx_  «  0,  ”  0,  and  ft  *  ft  , 

so 

Ux_  -  (UxJlft)U(UxjV°)  ,  and  Ux+  -  (U^MU^fi’0) . 

The  connectedness  of  Ux  implies  that  not  both  ux_^  ^  0  and 

Ux  "^ft  °  #  0  can  hold,  for  ft  and  ft  °  are  separated.  Similarly, 

U  .nft  y  0  and  U  .'"'ft’0  f4  0  cannot  both  be  true.  We  do  know  that 
x+  x+ 

at  least  one  of  Ux  Oft  +  0,  ux4T^  ^  0  must  be  true,  for  otherwise 

we  should  have  U  ""ift  *  fiTHU  UU  U{3JTHJ  }}  -  0,  which  is  impossible, 

X  x-  X+  X 

since  x  G  3ft  and  Ux  is  a  neighborhood  of  x.  In  fact,  exactly 

one  of  ftOU  i4  0,  ftHU  ,  j4  0  holds:  if  both  hold,  then  ft  °nu  * 

X-  x+  x- 

0,  ft'  r‘U  .  •  0,  by  the  observation  made  above.  Since  ft  is 
x+ 


regularly  open 
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3(n'°) 


» o  »o  ’  — 

n  nn 


— O  ’  — 

n 


-  n'nn" 


n '  "nn" 


an. 


Thus,  x  €  3(f2  °),  is  a  neighborhood  of  x,  but  '  “ 

n  °n { Ux_Uux4.u { 3 ( ^ ' ° ) nUx } }  ■  0,  which  is  impossible.  ms, 

precisely  one  of  QT>u  +  0,  **  0  is  true.  IJe  a  der  the 


two  cases,  in  turn: 


(i)  Suppose  that  i  0:  then  ^ux+  “  0.  and 

n’%j  -  0.  If  y  €  jr>U  ,  then  y  £  an,  y  U  but  v  6  U  , 

X-  X  X+  X 

so  we  conclude  that  y  €  U  .  On  the  other  hand,  let  y  €  U  : 
then  y  ?  n  °  and  y  9  an,  so  y£  C,  giving  y  €  n*^.  There¬ 
fore,  rmux  *  ux  «  in  this  first  case.  Since  nPUx+  “  0.  obviously 

we  cannot  have  n^u  ■  U  , . 

x  x+ 

(ii)  Suppose  that  nr>Ux+  j*  0;  then  *  0,  and 

,o  - 

n  "*UX+  “  Now  we  find,  v-ta  reasoning  similar  to  that  just  carried 
out,  that  JTU  -  U  .  (and  JT»U  f  U  ). 

X  X+  XX- 

For  the  completion  of  the  proof,  there  remains  only  the 
verification  of  the  connectedness  of  Ux_  and  Ux+.  We  shall  prove 
that  Ux_  is  connected,  the  proof  for  Ux+  being  quite  similar. 


It  suffices  to  show  that  U 


x- 


is  pathvise  connected.  Then,  choose 


-n-1. 


y1  and  y2  in  Ux_,  so  y^  £  B£(x),  yj(i  )  €  B5  (x(i  )),  and 


yj  *  ^yj(i  )^’  for  j  =  1»  2‘  Set 


B  |y£]Rn!  y(  }  €  bJ_1(x  {.  }) ,  y  X  *  ^x  )- 


n-1 , 


If  y  €  Bx,  then  y  £  U  ,  since  y.  .  £  B  (x. .  .),  while 
J  6  7  x’  (i  )  6  (1  ) 


i  i  , 
x  x :  2, 


iy'xIn  *  /{!y(i  )‘X(i  Vn-l+!y  "x  1  1 


=  *|y(i  )-x(i  jlJ.i+ly  x-4(x(i  J>|  } 


/  f  |  I  2  £ 

*  Vy(i  )"X(i  )'n-l+  4 


<  // 62+  f- 


x  x 

2-i 


\0  +  4 
2  2 


<  r 


+  L- 
4  4 


<  e  , 


so  y  €  B  (x) .  Moreover, 


N)|n 


—  10  2  — 


so  y  €  Ux_.  Thus,  Bj  C  .  Define,  for  j 


1,  2,  y  €3R"  by 


y  *  «<x  >-  f  , 

X 


y^t  for  k  €  {1, . . . ,n}, 


k  i  ix. 


Clearly,  y,  £  B,  for  j  •  1,  2,  and  Br  is  convex,  so  the  line 

Jo  0 


segment  joining  y^  and  y^  lies  in  B^,  hence  in  . 


We 


shall  show  that  the  line  segment  joining  y  and  y  lies  in  U  , 

J  j  x” 

for  j  *  1,  2;  from  this,  the  pathwise  connectedness  of  Ux_ 
follows  easily.  Then  let  j  *  1  or  2,  and  suppose  y  is  on  the 

line  segment  joining  y^  and  y^ ,  -i.e,.  ,  y  ■  y^+sCy^-yj)  for  some 

i  i  i  i  i 

s  £  [0,1],  so  y  -  y^  +s(y.j  -y  )  *  y^  +s 


♦(xu  j’V' 1 

X  J 


*n-l. 


and  y(i  )  “  yj(i  )  6  ®6  <x(i  )>  (having  noted  that  yj(i  )  * 

yia  ))-  0bservin8  that  <’(y(i  ■  4>(y1(i  ))»  k(x(i  >) -<t>Cy . (i  }) !  < 

xJ  ^  K  x'  JV  x7  K  x'  J  x 

e/2,  and  recalling  that  y^x  <  $(y^^  ^),  we  find 

y  x-«(yWs))  -  yj1‘-»<yj(ix))+s(«(>(ix))-yJx-  f 

•  u-sHy^-Ky-m  ))>+s{*(*(1  >>-  f] 

X  X  X 

<  0, 


■i.Z.  ,  $x(y)  <0.  In  order  to  prove  that  y  £  Ux  ,  we  now  need  only 
show  that  y  £  Ux,  for  which  it  remains  to  be  shown  that  y  £  B^(x) . 
We  consider  the  two  possible  cases: 


*x  .  -1* 


(i) '  Assume  that  y  y^  *  $(x^  ~2  :  then*  first, 


y  x-«(x(1  ,)  -  u  )>«(yjx-yjx)  i  ,). 

XX  X 


and 


y  -*(x/i  ))  *  y-j  ))+s 

v  x'  J  v  x 


♦(xaI>>- 1  -yhi 


(l-s)(y.x-e(*(1  x))-s  j 

j  i  x; 


c 

-  ~  2  ' 


which  give 
i 


i  i 

X  ,  \\  ,  x 


|y  -<Kx(i  ))  I  -  *(y  ,))  <.  -(yi  >))  -  |y.  -$(x(i  )) 

x'  x'  J  X  J  X 

Thus, 


'y(i  )-«  )lli+!yl,‘-’‘ixl2 

X  X 


■  ly]<l:()‘,<l,>l«-l'fly  x"s(x(i)I))l2 

-  lyJ<i  )-x(l  )ln-l*iyjX-‘(x(i  ))|2 

J  X  X  X 


iyrx|n 


2 

<  e  , 


the  latter  inequality  holding  since  y  €  U  . 

J  x 


*x  .  -Sc 


(ii)f  Assume  that  yj  >  yj  "  ^X(i  )^“  2  : 


now. 
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i  1  (  1 

y  X-0(x  .)  -  (l-s)(y.x-*(x  J)-s  |  >  (l-s)  -  | 

'  v  3  ^  v  l  j 


-S .  £  *  _  £ 

2  2  ’ 


and 

i 


y  -4>(x(i  ))  *  (l-s) (y^  -<Kyj(i  j))+(l-s)(<!((yj(i  j))-s* 

£  (l-s)(ij)(y^i  ))) 

e 

<  2  * 


Consequently,  |y  -Mx^  \)|  4  s/2,  so 

x 

ly‘x|n  *  ly(i  )“X(i  )!n-l+!y  X“*(xCi  )))2  <  ^  4~  "  e2‘ 

X  X  X 


In  either  case,  we  find  y  €  B^(x) .  Then,  as  noted,  y  6  ux_»  and 

the  connectedness  of  U  follows. 

x- 

We  have  now  shown  that  .Q  is  q-regular  at  each  point  of  M. 
To  see  that  D  is  also  q-regular  at  each  point  of  M,  simply 

-  t  -»-0  - »  »  O  r  O 

observe  that  ft  is  also  regularly  open  (since  ft  *  ft  * 

n~°’°  -  n'°  -  fl"')  and  3(fi-')  -  arc  (since  3(jf ')  * 

-  n  1,0  nn  ■  n  °'nfl  »  ft'nn  «  3ft)  ,  SO  the  first  part  of 
the  proof  may  be  applied  with  fi  in  place  of  ft  to  secure  the 
desired  conclusion. 


(ii)  This  statement  is  an  immediate  consequence  of  (i), 
in  view  of  the  definition  [VI.53.b].  □. 

[VI. 56]  DEFINITION.  Let  £i  C  ]Rn  be  open.  Suppose  that 


N>|r> 


x  €  32,  and  there  exists  an  open  neighborhood  of  x  in  32,  M  , 

which  is  an  (n-l,n;l)-manifold.  If  N  €  N  (x) ,  then  N  is  an 

M 

X 

zx.tzfu.an.  ncfunat  ion.  32  cut  X  iff  there  exists  a  positive  £  such 

that 

x+sN  €  Q  for  -£  <  s  <  0  and 

x+sN  €  Q  for  0  <  s  <5.  ■. 

Suppose  chat,  in  the  notation  of  the  preceding  definition, 

Mx  and  are  32-open  neighborhoods  of  x  which  are  also 

(n-l,n;l)-manifolds.  Directly  from  the  definition  [VI. 5],  it  is 

easy  to  see  that  T„  (x)  *  T~  (x) ,  hence  that  Nw  (x)  *  N~  (x) . 

MM  MM 

XX  XX 

From  this,  and  the  fact  that  N„  (x)  is  a  one-dimensional  subspace 

M 

X 

of  ]Rn,  it  follows  readily  that  there  can  exist  at  most  one  exterior 

unit  normal  for  82  at  x:  if  and  v2  e  N^  (x)  are  exterior 

x 

unit  normals  for  32  at  x,  then  either  »  v2  or  »  -v2’ 
but  the  latter  implies  that  x+sv2  €  2  for  all  sufficiently  small 
positive  s,  which  is  impossible.  Thus  *  v2* 

[VI. 57]  PROPOSITION.  Lzt  2  bz  an  open  subset  c$  Kn 
(n  _>  2) .  Lzt  r  bz  a  non-void  nzCcutivzCy  open  subset  oi  32  4 uch 

that,  ion  some  q  6B,  32  -t4  q-negutan  at  zach  point  ci  r. 

Then  r  is  an  (n-l,n;q)-mattt^oCd,  and  thznz  exists  a  unique 
continuous  function  v^.:  r  -*•  lRn  iuch  that  Vj,(x)  is  an  zxteniox 
unit  nonmat  ion  32  at  x,  ion  zach  x  €  r;  v  is  cailzd  the 
exterior  unit  normal  field  for  f.  Mo-tecveA,  ii  q  >  1,  then 
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vr  €  Cq  1(."ilRn)  i&  q  S  IN,  01  vr  €  C°°(r^Rn)  -cj  q  =  =°. 

In  pcLCticulizi ,  i^  n  -is  a  q-ie.gu.lcoi  domain  (w-ith  3."  4  j ) , 
then  these  conclusions  hold  with  r  *  an. 

Before  presenting  the  proof,  let  us  state  that  the  notations 
vr  and  v  used  herein  shall  be  standard  in  the  sequel,  whenever 
the  requisite  hypotheses  be  fulfilled. 

PROOF.  Let  x  6  T.  Since  3fi  is  a-regular  at  x,  there 
exist  an  open  neighborhood,  U^,  of  x  in  ]Rn  and  a  function 
$  €  C^(U  )  such  that  grad  $  (y)  4  0  for  each  y  6  U  ,  3ftr'U  ■ 

XX  X  XX 

(y  €  uj  $  (y)  ■  0},  and  *  {y  €  U  j  $  (y)  <  0}  (so,  also, 

XX  XXX 

- 1  I 

S  ^  *  (y  €  U  ]  $  (y)  >  0}).  F  is  open  in  3f.,  so  we  can  find 

an  open  neighborhood,  U  ,  of  x  in  Kn  such  that  L’x  C  U  and 

3JTU  C  r.  With  $  :*  <t>  I  U  ,  it  is  clear  that  4>  €  C^(U  ), 

X  XXX  X  X 

grad  t  (y)  4  0  for  each  y  €  U  ,  and  T^U  «  (y  G  U  |  $  (y)  »  0}. 
Thus,  T  is  an  (n-l,n; q)-manifold .  Obviously,  we  also  have 
flpU  *  {y  €  u  I  *  (y)  <  0),  and  Q~ ' 3U  -  (y  e  U  I  *  (y)  >0}. 

XXX  XXX 

We  now  know  that  x  is  contained  in  an  (n-l,n;q)-manifold  which  is 

open  in  3Q,  viz.,  T.  According  to  [VI. 7],  grad  $  (x)  €  N_(x); 

we  shall  show  that  grad  $x(x)  is,  in  fact,  an  exterior  normal  for 

3 f<  at  x.  For  this,  choose  e'  >  0  such  that  Bn,(x)  C  U  and 

x  e  x 

x 

set 

e^ 

\(s)  Vx+S>  «rad  *x(x))  f0r  !s|  <  £X  :m  "grad  TJZT~  * 
This  clearly  defines  a  function  €  C^C-c^.e^),  for  which 
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(0)  *  0  and 

\j»'(s)  -  grad  l  (x+s*  grad  $  (x))«  grad  *  (x) ,  for  |s)  <  e  . 

X  X  X  X  X 

o 

Then  <p'(0)  *  |grad  $  (x)  |  >  0,  whence  there  is  a  6  €  (Q,e  ) 

x  x  n  xx 

such  that  4/'(s)  >  0  if  jsj  <  6  .  Now,  if  0  <  s  <  6  ,  we  have, 

X  X  X 

for  some  §  €  (0,s) , 

i  (x+s*  grad  $  (x))  -  ip  (s)  *  ^  (0)+^'(s)*s  -  i^'(s)*s  >  0, 

X  X  X  X  X  X 

..  .  r 

showing  that  x+s*  grad  $x(x)  e  H  .  In  a  similar  manner,  we  can 

show  i  (x+s*  grad  #  (x))  <  0,  -i.e.,  x+s*  grad  $  (x)  €  n,  for 
XX  x 

-6  <  s  <  0.  All  requirements  of  Definition  [VI. 561  ate  thus 
fulfilled  by  grad  i^(x) ,  and  we  can  assert  that  it  is  an  exterior 
normal  for  3£2  at  x  €  r. 


Now,  define  v^:  T  -*•  ]Rn  by 
grad  $x(x) 

vr(x)  |  grad"~j  ('»)  |  •  f"  'ach  *  E  r- 


For  each  x  €  r,  |vr(x)|n  -  1  and  Vj.(x)  is  an  exterior  normal 

for  3Q  at  x;  by  the  observations  following  [VI. 56].  Vj.  is 

the  unique  function  with  these  properties.  To  see  that  is 

continuous,  choose  x  6  T.  For  each  y  G  we  may  suppose 

that  U  *  U  and  $  *  $  ,  whence 

y  x  y  x’ 


vr(y) 


grad  <!>x(y) 

!  grad  $x(y) ln 


for  each 


y  e  r^u  , 
J  x 


showing  clearly  that  v^.  is  continuous  on  thus,  in  particular. 


continuous  at  x. 


Next,  suppose  that  q  €  N  with  q  >  1.  Let  (V,h)  be  a 

coordinate  system  in  r  (recall  that  r  is  an  (n-l,n;q)-manifold) : 

to  show  chat  Vp  6  Cq  ^(f;]Rn),  we  must  demonstrate  that  v_ch  ^  6 

Cq  ^(h(V);Rn).  Select  x  £  h(V) ,  and  write  x  :*  h  ^(x) .  Then 

Vnu  is  an  open  neighborhood  of  x  in  T,  and  hCV^U  )  is  an  open 
x  x 

neighborhood  of  x  *  h(x)  in  lRn  \  with  hfV^^)  C  h(V).  Since 
grad  *x<y) 

Vr(y)  "  '!"grad“o'Ty)7'  f°r  each  y  £  V°V 
1  x  n 


while  h  ^(y)  €  whenever  y  €  hCVOU^) ,  we  have 

__  grad  i  (h-1(y)) 

v  ch  (y)  *  - - - - -  for  each  y  €  h(\T'U  ). 

!  |  grad  4*  (h  ^(y))  I  x 

"  li 

Now,  h"1  €  Cq(h(V)gRn),  and  grad  *x  €  Cq"1(Ux3Rn) ,  so  the  latter 
equality  implies  that  (v  oh_1)  |  h(vnu.  )  €  Cq_1(hOTU  )  3Rn) .  Thus, 

i  X  X 

VpOh  ^  is  of  class  Cq  ^  in  an  open  neighborhood  of  each  point  in 
h(V),  whence  VpOh  ^  €  cq  ^(h(V);]Rn).  As  noted,  this  implies  that 
Vp  €  ^ ( r i!Rn) .  If  q  ■  co,  the  proof  of  the  inclusion  Vp  € 

C  (r;Kn)  is  almost  identical. 


The  final  assertion  of  the  proposition  is  a  simple  application 
of  the  statements  already  proven,  because  of  Definition  [VI.53.b].  □. 

It  is  worth  isolating  the  following  fact,  essentially 


verified  during  the  just-completed  proof  of  [VI. 57]. 
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[VI. 58]  LEMMA.  Let  0  be  an  open  subset:  C&  lRn.  Let 
x  €  30,  and  suppose  -t/tat  o  -c4  q-Aeguiar  at  x  l q  eiNu]®}). 

I($  i/ie  open  neighborhood  o£  x,  u  ,  and  the.  function  $x  e  Cq(l’x) 
a/ie  04  -cn  the  definition  [VI. 53. a],  then  grad  $  (y)  it  an  exterio 
noAmat  foA  30  at  each  y  e  3onux* 

PROOF.  Let  U  and  $  be  as  in  [VI. 53. a].  It  is  first  of 
x  x 

all  clear  that  the  relatively  open  subset  of  30,  is  an 

(n-l,n;q) -manifold.  In  the  proof  of  [VI. 57].  it  was  shown  that 

grad  (x)  is  an  exterior  normal  for  30  at  x.  But  the  same 

reasoning  used  there  serves  to  prove  also  that  grad  $x(y)  is  an 

exterior  normal  for  30  at  any  y  6  SO^U^,  for,  if  we  select  any 

such  y  and  take  U  *  U  and  4>  ■  4>  ,  we  obtain  a  set  and  a 

J  y  x  y  x 

function  for  y  fulfilling  the  requirements  of  [VI. 53. a].  □. 


We  shall  later  find  the  following  technical  fact  useful. 

[VI. 59]  LEMMA.  Let  0  be  a  non-void  pAoper  subset  c f  mn 

uihich  it  a  q-AeguZaA  domain  foA  some  q  6KU{*},  with  30  compact 
Then  theae  exist*  a  positive  5^  such  that,  whenever  x  e  30, 

x+sv3^(x)  e  0  if  0  <  s  < 

and 


x+sv^x)  €  0  if  -6jj  <  s  <  0. 

PROOF.  Fix  x  €  30.  By  the  q-regularity  of  0  at  x,  we 
can  find  an  open  neighborhood  of  x  in  lRn,  U^, 


and  a  function 


-no- 


$  e  C^(U  )  such  that 
X  X 

grad  4>  (y)  f  0  for  each  y  6  U^,  (1) 

3£i<TJ  -  {ye  u  |  $x(y)  -  0},  (2) 

and 

-  {ye  ux|  *x(y)  <  o};  (3) 

then  grad  $  (y)  is  an  exterior  normal  for  S£2  at  each  y  €  3£'>U 

X  x 

([VI. 58]).  Choose  £  >0  such  that  b”  (x)  C  Ux>  and  set 

x 

Mx  :-  sup  { | grad  $  (y) |  |  y  e  b"  (x)  }. 

x 

Now,  if  y  e  Bn  (x)  and  |s|  <  e  /Mx»  we  have 
x 

|y+s-  grad  ^(y)  -xjn  <.  ex+ls!*Mx  *  2ex’ 
so 


y+s-  grad  $x(y)  e  3^  (x)  C  in 

x 

Thus,  we  can  define  <|<y:  (-ex/Mx,  ex^Mx^  ®  by 

*y(s)  :-  *x(y+s«  grad  $x(y))  for  |s|  <  £x/Mx> 

whenever  y  £  Bn  (x)  ; 

x 

for  each  such  y,  it  is  clear  that  ti»y  e  C^C-e^M^  ex/Mx)  ,  with 
<P'(s)  -  grad  £  (y+s*  grad  4>  (y))«  grad  $  (y),  |s|  <  e  /M  . 

y  X  X  X  a  A 


(M 


(5) 


From  the  latter  equality. 
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H»*«»  *  I  grad  $  (y) | 2  >  0  for  each  y  €  B°  (x)  , 
y  x  n  Ex 

with  which  we  can  assert  that  there  is  a  positive  such  that 

ip  *  CO)  *  |  grad  $  (y)  j  2  >_  m2  for  each  y  €  B°  (x)  .  (6) 

y  n  Ex 

Thus,  the  function  (y,s)  l-*-  i^(s)  is,  in  view  of  (5),  continuous 
on  Bn  (x)  *  [-e  /2M  ,  e  /2M  ]  (whence  it  is  uniformly  continuous 

£  X  X  X  X 

X 

there),  and,  by  (6),  positive  on  Bn  (x)  *{()}.  These  facts  imply 

x 

that  there  exists  a  6  6  (0,  e  /2M  ]  such  that 

X  x  x 

i/j'(s)  >  0  for  each  y  €  Bn  (x)  and  for  |s|  <  6  ;  (7) 

y  ex 

indeed,  by  the  uniform  continuity,  we  can  select  6  6  (0,  t  /2M ] 

X  XX 

so  that 

|^' (s)-^' (0) |  <  m2/2  whenever  y  e  b”  (x)  ,  |s|  <  6*, 

y  y  x 

giving,  for  such  y  and  s, 

2 

2  ”x 

<(s)  -  <(0)+U’(s)-*'(0)}  >  a‘-  -f-  >  0. 

y  y  y  y  x  L 

Note  that,  by  (2)  and  (4), 


\ h  (0)  ■  0  for  each 

y 

Now,  choose  any  y  €  Bn  (x)r>3S7  and 

x 

theorem  shows  that  there  exists  an 


y  €  3nnBn  (x)". 
x 

s  £  (0,5x) :  the  mean-value 
Sy  €  (0,s)  for  which 


(8) 
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$x(y+s*  grad  $x(y))  *  4-y(s) 


l|;y(0)+^(Sy)  *S 


4)'  (s  )  *s 

y  y 


>  o. 


having  used  (7)  and  (8);  we  have  already  convinced  ourselves  that 


y+s*  grad  <J>x(y)  e  Ux>  while  (2)  and  (3)  obviously  imply  that 


rf  nu  .  {y  £  u  |  $  (y)  >  0} . 

X  X  X 


From  these  data,  we  infer  that 


y+s*  grad  <J  (y)  €  ft  '  whenever  y  e  3ftOBn  (x) , 

x 


s  €  (0,Sx). 


By  reasoning  in  an  analogous  manner,  one  can  show  that 


y+s*  grad  S  (y)  €  ft  whenever  y  €  3ftOBn  (x) , 


s  €  (-6,0) . 


From  (9)  and  (10) ,  since  v * 
by  taking  note  of  (6) ,  we  have 


I  grad  *xl”1,  grad  $x  on  Sft^, 


y+s*v^(y)  €  ft  '  [ft]  whenever  y  €  9ft-">B^  (x) ,  and 


0  <  s  <■  m  6  [-m6  <s<0]. 

x  X  X  X 


Now,  (11)  holds  for  each  x  6  3ft.  To  complete  the  proof, 


(9) 


(10) 


(11) 


L 


“  i  r  3  - 


we  use  the  compactness  of  30  to  select  so  c^at 

n  ?, 

{B  (xji,  .  affords  a  cover  for  8ft,  and  take 
e  i  i*l 

xi 


:«  min  ^x^i-r 


it  is  easy  to  show  that  this  6  possesses  the  desired  property. 


□  . 


The  properties  of  regular  domains  in  the  class  described 
in  the  following  definitions  are  particularly  nice,  as  we  shall 
presently  discover. 


[VI. 60]  DEFINITIONS.  Let  0  C  lRn  be  open,  fi  is  a 
Lyapunov  domain  iff 


(i)  0  is  a  1-regular  domain 

and 

(ii)  the  exterior  unit  normal  field  for  30,  v^,  is 

Holder  continuous,  -t.e.,  there  exist  an  a  >  0  and 
an  a  €  (0,1]  for  which 


|v3G(x2)"vafl(xl) 


niaIV¥n 


whenever  x^,  G  3n- 


(1) 


Let  fi  C]Rn  be 
(a, a ,d) ,  where  a  >  0 
with  ad3  <  1/2,  shall 

n. 


a  Lyapunov  domain.  Any  ordered  triple 
and  a  €  (0,1]  are  as  in  (ii),  and  d  >  0 
be  referred  to  as  a  id  e&  Lyapunov  constant!) 


Let  {ft^}^^  be  a  family  of  Lyapunov  domains  in  ]Rn .  The 
family  is  said  to  be  unL^O-Vmiy  Lyapunov  iff  there  exists  an  ordered 
triple  (a,a,d)  which  is  a  set  of  Lyapunov  constants  for  ft  ,  for 
each  i  6  I.  ■. 

[A. 1.61]  REMARKS.  (a,  Let  ft  C]Rn  be  a  1-regular  domain 

such  that  3ft  is  compact.  Suppose  that,  for  each  x  €  3ft,  there 

can  be  found  an  open  neighborhood,  Ux>  of  x  in  IRn  and  a 

function  ^  C^(Ux)  as  in  Definition  [VI. 53]  which  is  also  such 

that  (grad  $  )  |  3ft~>Ux  is  Httlder  continuous:  there  exist  an 

a  >0  and  a  €  (0,1]  with 
x  x 

a 

I  grad  4>x(x2)  -  grad  ^(Xj)  |n  £  axl*2-*l'nX’  for  *1*  *2  6  3sT>'Ux' 

Then  ft  is  a  Lyapunov  domain.  For,  let  e  >  0,  with  Bn  (x)  C 

x 

U  ,  and  a'  >  0,  with  |grad  4>  (y) j  a'  for  each  y  €  Bn  (x)  , 
xx  x  n  ~ 1  x  g 

X 

for  each  x  G  3ft.  If  x  €  3ft,  it  is  then  easy  to  see  that 

grad  $  (x2)  grad  ^(x^) 

^V3ft/X2^  V3ft^Xl^n  *  |  grad  <t>  (x_)  |  |  grad  S  (x, )  | 

x  z  n  x  inn 

2a  a 

— r~  |x2~x1|  X,  for  x^,  x2  €  3ft*  (x) . 
ax  n  x 

Choosing  a  finite  set  C  ^  suc^  that  { oft^B^  /2^xi^i=l 

eXi 


covers  3ft,  it  follows  that 
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where  a  :  = 


min  {a  },  a 
1  <  i  <  m  xi 


2  /  min 
1  <  i  <  m 


c 

] 

i 

LI 

1 

2  J 

11 

Thus , 


£2  is  indeed  a  Lyapunov  domain. 


:=  max  <  max 

|l  <  i  <  b 


v  is  Holder  continuous,  whence 


(b)  Suppose  that  £2  C  ]Rn  is  a  q-regular  domain,  with 

q  2.  2,  and  let  3£2  be  compact.  Then  £2  is  a  Lyapunov  domain.  To 
see  this,  for  each  x  6  3£2,  let  U  C  ]Rn  and  4>  £  Cq(U  )  be  as 

X  XX 

in  [VI. 53],  and  choose  c  >  0  such  that  Bn  (x)  C  U  ;  by  the 

x 

mean-value  theorem,  grad  $  is  Lipschitz  continuous  on  B°  (x) . 

x 

Following  reasoning  similar  to  that  employed  in  (a) ,  we  even  find 
that  is  Lipschitz  continuous  on  3£2. 

(c)  In  view  of  [VI. 55],  we  can  replace  the  hypothesis  of 
(a)  [(b)]  that  £2  be  1-regular  [q-regular,  with  q  2]  with  the 
hypotheses  that  £2  be  regularly  open  and  3£2  be  an  (n-l,n;l)- 
manifold  [(n-l,n;q)-manifold] .  Maintaining  the  other  hypotheses, 
we  can  conclude  in  this  case  that  £2  and  £2  '  are  Lyapunov 
domains . 


[VI. 62]  STANDARD  NOTATIONS  AND 
CONSTRUCTIONS.  It  is  convenient  to  introduce  here 
certain  notations  and  simple  facts  relating  to  the  geometry  of  the 
boundary  of  a  Lyapunov  domain.  Throughout  this  section,  £2  C  ®n 
is  a  Lyapunov  domain,  and  x  £  3£2.  See  Figure  1. 
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(i)  We  denote  by  n  :  Kn  -»  x-t-T„,.(x)  the  orthogonal 
'x  o  a 

projection  map  of  ]Rn  onto  the  tangent  hyperplane  to  of.  at  x, 
x+T , _ (x) ,  so  that,  for  each  £  e  Rn,  *  (O  is  the  unique  element 

0*4  X 

of  x+T^(x)  such  that 

k-»x(0!n  -  inf  (l5-elnl  5  e  x+T,fi(x)}.  (1) 

Letting  P  :  ]Rn  ■+  T.0(x)  denote  the  orthogonal  projection  onto 
the  (n-l)-dimensional  tangent  (sub)space  T  (x)  C]Rn,  it  is  a 
simple  matter  to  check  that 

v  (O  *  x+?x(5-x),  for  each  £  e  ®n;  "  (2) 

indeed,  (2)  is  a  consequence  of  the  fact  that  (1)  characterizes 
*x(0  in  x+Tg^(x)  and  the  equality  U-7Tx^^n  =  U“(x+Px(5-x))  !„ 
for  5  €lRn,  which  follows,  in  turn,  from  (1)  and  the  familiar 
property 

|(5-x)-Px(5-x)|n  -  inf  { | (£-x)-£ lnl  l  €  T3n(x)}. 

We  shall  denote  by  ,  an  orthonormal  basis  for  T„n(x); 

i  i»l  oil 

then  {£*,...,£*  ,  ,v„(x)}  constitutes  an  orthonormal  basis  for 
l  n-l  dii 

]Rn.  Let  us  show  that 

C-*  (O  -  {(5-»  (C))«vao(x>}v,_(x),  for  each  (3) 

X  X  044  0)( 

if  C€®n,  Chen  C-k  (O  -  {(C-T,x(C))*-'3Ji(x)}v3r.(x) 

n-l 

+  l  (S-*x(0)  but  C-^x(0  -  (5-x)-Px(C-x)  is  in  the 
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orthogonal  complement  N,_(x)  of  T  (x) ,  so  (C--1  (0)*£X  *  0, 

3'U  difc  X  1 

for  each  i  €  Thus,  (3)  is  true. 

(ii)  If  d  >  0,  we  define  JI  :*  (3f.^B^(x))  .  Even 

though  Hx  depends  upon  d,  we  omit  any  indication  of  this 
dependence  in  the  notation,  which  should  cause  no  confusion. 

(iii)  Let  Ax:  lRn  -*■  lRn  denote  the  linear  isometry  such 

that 


and  then 

Clearly, 

morphism. 


4  -x  (n)  ,  . 

A  e  .  =  e .  ,  i*l,  —  ,n-l, 

x  1  1 


A  v  (x)  -  e^\ 

x  3  ft  n 


define  Jf  :  lRn  -*•  ]Rn  according  to 


X  (.O  :*  Ax(C-x>,  for  each  £  6  ]R  . 


X  €  C°°  (JRn  i]Rn  )  is  an  (affine)  isometry,  hence  a  homeo- 


of  1R  onto  itself;  we  have 


JC  *(£)  ■  A  ^£+x,  for  each  £  €  ]Rn. 


(A) 


(5) 


(6) 


Since  Ax  preserves  inner  products, 

Jx(?l)#?*(52)  "  (5rx)#(C2‘*)*  f°r  *1*  C2€®n*  (7) 

Consider  the  open  set  X  (C)  C]Rn,  which  is  at  most  a  translated 
and  rotated  copy  of  fi.  Indeed,  it  is  quite  simple  to  see  that 

a{x  (n)}  -  x  on), 

X  X 


(8) 
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showing  that  0  €  5{JCx(fi)},  since  X^(x)  =  0*  and,  for  d  >  0, 


X  (3f^B"(*))  *  3{«v(r.)K'-B®(0), 

X  G  X  fl 


x  (n^”(x))  *  xv(q)^b"(o). 

xc  x  a 


Next,  let  us  choose  any  y  €  3{3f  (£2)},  and  let  U  be  an  open 

x  y 

neighborhood  in  ]Rn  of  X  ^(y)  €  3ft,  $  €  C^(U  )  such  that 

x  y  y 

grad  $y(S)  #0  for  £  €  U  ,  Sf/TI  -  (56  u  |  5  (O  *  0},  and 

flOj  »  U  6  U  J  *  (C)  <  0}.  Setting  U  :*  X  (U  )  ,  4>  :« 
y  y  y  y  x  y  *  y 

$  o(X  U  ),  it  is  plain  that  U  is  an  open  neighborhood  of  y 
y  x  y  y 

in  Kn,  *  €  CX(U  >,  3{X  (£»nu  -  U  €  ul  *(?)  *  0},  and 

y  y  x  y  y  y 

X  (fO'-'U  -  e  u  I  *  (£)  <  0}.  Further,  for  £  e  u  , 

x  y  y  y  y 

d«  (O  -  d« <X*1(0)oDJT1(0 
y  y  x  x 

-  d«y(X^1(0)°A”1 

-1*  ~  -1 

-  A^  «y(3fxa(5)), 

-1*  -1 

where  A  is  the  adjoint  of  A  .  Since  A  is  an  orthogonal 
X  XX 


transformation,  it  follows  that 


grad  «  (O  -  A  grad  <t>  (X~  (?)),  C  e  U  . 
y  a  y  x  y 


From  (11),  we  have  I  grad  t  (C) !n 


grad  ♦  (JT  (0)ln  i4  for 


£  €  u  .  Thus,  X  ('j)  is  1-regular.  Moreover,  grad  £  (O  is 
y  x  y 

then,  for  S  6  3{JCx(n) }~U  ,  an  outer  normal  for  SfX^fQ) }  at  C , 
while  grad  $  (3f|^(0)  is  an  outer  normal  for  3£t  at  3(^(0, 
and  (11)  shows  also  that 


(12)  clearly  holds  for  each  £  €  In  particular,  note 

that 


va{Kx(fl)}(0) 


Vm(x) 


(n) 


(13) 


Now,  if  a  >  0  and  a  £  (0,1]  are  such  that  (VI. 60.1)  holds,  we 
find,  whenever  £  £^  £  3 {^^(il) } , 


K{Kx(C))<52)'',i!Sfi<SI))<£l)lt!  ‘  IVV.(,(x1(t2,)"V'32<5<x1<:i),ln 


a'  ’2~^l'n‘ 


Consequently,  we  reach  the  entirely  expected  conclusion  that  36^(0) 
is  a  Lyapunov  domain;  any  a  >  0  and  a  £  (0,1]  as  in  (VI. 60.1) 
for  90  will  also  do  for  9{X'x(0)}.  In  view  of  (13),  we  obviously 
have 

T.{7f  (fi)}(0)  -  (£  £  TRn\  £n  -  0}.  (14) 

Next,  we  see  that 

(A  v)n  -  0  whenever  y  £  T.r(x):  (15) 

X  a  j: 

for,  supposing  that  y  £  T.n(x),  (A  y)*e^  -  y*A-1e^  » 

Oil  XT)  XT) 

0.  As  an  implication  of  (15),  we  find 


y.v.n(x) 
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X^(S)  =  {C-^X(C)  }*v3Q(x)  «  (S-x)«v3^(x) ,  for  £€!Rn.  (16) 

In  fact,  let  £  £]Rn.  Then  it  (£)-x  «  p  (£-x)  £  T  (x) ,  so 

X  X  0  it 

(A  (*  (£)-x)}n  ■  0.  Writing  £  *  x+(£-it  (5))  +  (tt  (£)-x),  we  compute, 

*  *  XX 

using  (3)  and  (4), 

Xx(0  “  AxU_x) 

*  Ax(C-^x(C))+Ax(nx(C)-x) 

-  {(C-\(0).vsa(x)}e^n)+Ax(^x(0-x); 

since  3(^(0  “  3Cx(0*e^n\  t^ie  ^*rst  ®quality  in  (16)  follows. 

For  the  second  equality  of  (16),  we  can  write  C-7TX(C)  *  (£-x)+ 

(x-r  (£))  and  simply  note  that  x-it  (£)  *  -P  (£-x)  6  T  (x) .  It 

X  XX  OiJ 

is  important  to  point  out  also  that 

<  *  X^°*x,  *OT  1  “  l»...,n-l.  (17) 

To  see  that  (17)  is  true,  choose  i  £  {l,...,n-l}  and  £  £  ]Rn. 

Then 

j£(O-«J0it  (O  -  {X- (O-Jf  on  (C)}»e4(n) 

"  XX  X  XX  1 

-  {Ax(C-x)-Ax(ttx(0-x)  }*e^ 

"  Ax(5-1,x(0)**in> 

-  {(^x(0).v3fi(x)}e^n).e[n) 


•  0. 


-121- 


Finally,  it  is  easy  to  show  that 


X  (x+T  (x) )  -  {£  €Bn|  £n  -  0):  (18) 

X  dii 

if  £  e  Tafi(x)  .  then  XJx+O  =  A^,  but  (Ax£)n«0,  by  (15); 
on  the  other  hand,  if  £  S  ]Rn  and  £n  »  0,  then  A~^£  €  T.r(x) 

(since  A^C'v  (x)  -  £*A  v  (x)  =  £»e^  -  0)  and  X  (x+A  X£)  *  £. 

X  du  X  oil  n  XX 

(iv)  We  shall  define  X  :  x+T.^(x)  •*  Rn-^  by 

X  dfr 

X  (O  :»  CK*  (£),..., ft11"1  (£)),  for  each  £€x+T.„(x).  (19) 

XXX  dli 


Obviously,  X^  is  continuous.  From  (18)  and  the  injectiveness  of 

X  it  is  routine  to  prove  that  X  is  a  bijection.  Since  the 

"'•-Ini  »  «•!  * 

inverse  X  •  ]R  ”  -*■  x+T.„(x)  is  just  the  map  £  »-*■  X  (£,0)  on 

X  dii  X 

]Rn  \  we  see  that  V  ^  S  C  0Rn  ^;Rn)-  Then  X^  is  a  homeomorphisro, 
with 


JX~ 

x 


1 


(b 


n-1 

.  1  A 
'i-l 

DA1(»  1 

n-1 

.  1  A 
‘i-Z 

c1K'1(i,o)l 

n-1 

•  'A 

KT1(£,<»e{") 

n-1 

-  IA 

A-1e.(n>  | 
x  i  1 

n-1 

■  'A 

-X  i 

eil 

(20) 


1, 


,n-l 


for  each  £  SR  .  It  is  trivial  to  see  that  x+T^.(x) 
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n 


(-  U  e  ]Rni  J^(0  -  o})  is  an  (n-1 ,n;®) -manifold;  the  preceding 

observations  combine  to  show  that  iff  is  a  coordinate  function 

x 

for  x+Tan(x). 

From  (17)  and  (19),  we  obtain  JC*'  =  3f*on  ,  for  i  € 

XXX 

{l,...,n-l},  so 


Pd,...,*"'1.*!) 


(iff  01T  fl”) 
X  X  X 


Finally, 

suppose  that  5 

e  x+T3f,(x) . 

Then 

U-xl„  ■ 

*  l*x<«ln- 

(22) 

30(0  -  0, 

in  this  case. 

Thus, 

\icho 

-x|n  '  ^„-l 

for  each 

H 

1 

C 

« 

u/ 

<  UJ' 

(23) 

We  begin  our  study  of  Lyapunov  domains  by  pointing  out  one 
of  their  most  fundamental  and  useful  properties. 


[VI. 63]  PROPOSITION.  Let  n  c  ®n  be.  a  Lyapunov  doma.cn, 
and  select  a  >  0,  a  €  (0,1)  inch  that 


|vJft(x2)-vaQ(xl)|n  -  a|x2“Xl'n  f°r  xl*  X2  €  5n- 

Let  d  be  any  positive  numbei  &a.ii&  faying  ada  <_  /2:  in  partccuiai, 
(a,a,d)  my  be  a  iet  c$  Lyapunov  con&tantA  joi  C.  Then,  i  each 
x  €  3P.,  nx  (  ;■  3n-B^(x) !  is  an  injection  0$  3.cr»B^(x)  into 

x+Tan(x). 


PROOF. 


Choose  x  €  3f. .  We  begin  by  showing  that,  whenever 
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£  £  3£TBj(x),  there  exists  a  6,  >  0  such  that  £+s. ,.(x)  €  " 

d  £  oiz 

for  -(S^  <  s  <  0,  and  £+sv^„(x)  £  Q  '  for  0  <  s  <  6^:  since 
£2  is  1-regular,  we  can  find  an  open  neighborhood  of  £  in 

®n  and  a  function  4>^  €  C^(U^)  such  that  grad  ^(y)  ¥  0  for 
y  e  U^,  3£20J^  -  ty  £  uj  <^(y)  -  0),  and  £2-U.  -  (y  £ 

4>^(y)  <  0}  (so  also  H  '"'U^  >  (y  £  U^|  $^(y)  >  0}).  Choose 
•  e  >  0  such  that  B^(£)  C  ,  and  define  i|>:  (-e,c)  -*•  1R  by 

<f>(s)  :*  4?(£+sv3r(x)) ,  for  |s|  <  z. 

Clearly,  \p  €  C^(-e,c),  <l(0)  ■  0,  and  0’(s)  * 

grad  4j.(£+sv3n(x))«u3fi(x)  for  |s[  <  z.  Thus, 

4* '  (0)  *  grad  9^  (£)«v3fi(x)  »  I  grad  4^  (£)  |  n*  vgn(£)  ev^x) ,  (1) 


the  latter  equality  following  from  the  fact  that  erad  4^(£)  is  an 
exterior  normal  for  3:1  at  £.  Now, 


V,(°*v3r<(x)  "  1_  2  |v3£2(°-v3n(x) 


i  ^  2 1  1 2ct 

i1-  2a  I*"*1,. 


.  1  2,2a 

>  1-  -  a  d 


>  0, 


2 

n 


since  ! £— x I  <  d 
4*'(0)  >  0.  Since 
such  that  <l'(s)  > 
with  the  equality 


and  ada  <_  /2.  In  view  of  (1),  we  conclude  that 

y’  is  continuous,  there  exists  a  6^  £  (0,c) 

0  if  |s|  <  6..  The  mean-value  theorem,  coupled 

<K0)  ■  0,  implies  that  4>.(£+sv  (x))  ■  C'(s)  <  0 

4  01. 
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if  -6  <  s  <  0  and  S_(£+sv  (x))  «  \{i(s)  >0  if  0  <  s  <  6_. 
Therefore,  £+sv  (x)  lying  in  U  whenever  jsj  <  e,  we  obtain 

01b  C, 

the  inclusions  £+sv  (x)  €  ft  if  -6  <  s  <  0,  £+sv,n(x)  €  f<~ ' 

if  0  <  s  <  6  ,  as  required. 

Now,  let  us  suppose,  contrary  to  the  conclusion  of  the 
proposition,  that  there  exist  distinct  £^,  £2  €  3Jl’B^(x)  for  which 
IIx(£1)  *  Hx(£2).  Writing  y  :=  *  TIx(£2),  we  have’ 

(VI. 62. 3) , 


Ci  “  y+V3fl(x)’  i  “  I*  2, 


where  s 


^  :■  (£i~y)*v3f2(x)  :  since  £^  j  £2>  it  must  be  that  s^  i 


s2>  and  we  may  suppose  that  s^  <  s2-  Set 


(^1^2)  *y+SV3ft^x^  <  s  <  s2}: 

note  that  (£^£2>  c  B^(x) •  Now,  whenever  -6^  <  s  <  0,  then 

y+(s2+s)v3^(x)  »  £2+sv^(x)  S  while  0  <  s  <  6^  implies  that 

y+(Sj+s) v^(x)  ■  £^+sVgj.(x)  €  ',  whence  it  is  clear  that  (£^£2> 

meets  both  Q  and  .  Since  (£^£2)  obv^ous^y  connected, 
and  Q  and  ft  are  separated,  (£^£2)  must  neet  Thus,  there 

exists  s^  €  (s1,s2)  such  that  £^  y+s^v?n(x)  e  SQ^B^Cx) . 

Repeat  the  process  with,  in  turn,  £^  and  £^,  and  £3  and  C7-‘ 

there  exist  £  (s^.s^)  and  s^  6  (s2,s2>  for  which  £  :* 
y+s^v^(x)  e  3r^B^(x)  for  i  ■  4,  5.  Continuing  in  this  manner, 
we  generate  a  set  of  distinct  points  {s^|  i  €  K}  C  [s^.s^l  such 
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that  £.  :»  y+s (x)  e  anr'Bj(x)  for  each  i  €  IN.  Let  (s.  ),  , 
l  l  os.  d  i.  k=l 

k 

be  a  convergent  sequence  in  { s ^  [  i  €IN},  converging  to  sQ  € 

[s.,s.].  Clearly,  lim  £.  *  £~  :■  y+s,.v  (x) ,  from  which  it  is 

1  ^  k  -*•  ®  xk  U  V  o>t 

easy  to  see  that  £q  6  3nOB^(x) ,  since  3ft  and  {y+sv^(x)  | 
s^  s  <_  S2}  are  closed,  the  latter  being  contained  in  B^(x).  We 
have  CQ+sv3n(x)  e  Q  if  -6^  <  s  <  0,  Sq+sv^Cx)  e  n~'  if 

0  <  s  <  &.  ,  showing  that  £.  ■  £A+(s.  -s  )v  r(x)  €  (3f.)  '  for 
£n  1  0  1  0  3W 

0  mm 

some  sufficiently  large  m,  since  the  sequence  (s^  consists 

k 

of  distinct  points  and  converges  to  Sq.  This  is  impossible,  con¬ 
tradicting  the  inclusion  {£^j  i  €  K)  C  3ft.  We  conclude  that 
is  injective.  □. 

In  Parts  I-V  we  deal  with  a  number  of  integrals  over 
boundaries  of  Lyapunov  domains.  In  order  to  facilitate  those 
computations,  we  wish  to  derive  here  various  estimates  involving 
geometry  quantities  associated  with  such  manifolds,  as  well  as 
point  out  the  existence  of  certain  distinguished  coordinate 
systems  in  the  boundary  of  a  Lyapunov  domain.  We  begin  with  the 
prototype  setting. 

[VI. 6A]  LEMMA.  Let  UCn"  be  a  Lyapunov  domain.  Suppose 
that  06  an,  with  T,_(0)  -  {£  eiRn|  £n  -  0}  and  v_(0)  -  e(n). 

oii  n 

Let  (a,a,d)  be  a  set  c &  Lyapunov  constant!)  {,or  n.  Ai  usual, 
nQ:  an^B^CO)  ■*  1^(0)  denote- s  the  restriction  eg  the  orthogonal 
projection;  in  the  present  case,  we  have 
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n0(O  -  u1,....en"1,0)  -  (5(1’"',n_1)(^),0),  for  5€c.tVJ(0). 
Then 


U)  the  set  VQ  U  e  ]Rn_1|  (1,0)  e  n0(sanBj(0))}  - 

sd’ ' '  ’  *n“l)  OfiOB®(0))  -ci  an  open  neighbcihccd  0 « 

a 

0  In  JR”-1,  and  thexe  ex-04-ts  a  {unction  f  €  c1^) 


4ac/t  that 

3rrBj(0)  -  G(f)  :>  {(5,f(C))|  l  €  V*  (1) 

Iii  ^ae£,  f:  t>Q  -+•  1R  is  given  explicitly  by 
f (b  -  (n'1)n(C,0),  jOA  each  \  6  pQ. 

Thus, 

nQ  is  the  map  U,f(0)  h>  (C,0),  $ci  5  €  £>Q,  (2) 

n'1  is  the  map  (C,0)  1-  (£,f(b).  t$ei  £  €  pQ.  (3) 

We  atio  have 

3aVj(0)  -  no1(£?0x {°} )  •  (4) 

(-6c)  PQ  is  staitike  with  aespect  to  0,  and 

b"-1(0)  c  Vq  c  b^_1(0).  (5) 

9  d 


UaJ.)  Thz  ^allotting  z,$ZajmXu  held  ic/idici'Ct  £  €  3r^Bd(0), 


(51 . C"'1): 


uiheie  £  : 
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PROOF.  (i)  According  to  [VI. 63  ],  V.n:  -  T„„(0)  is 

U  u  o-t 

injective,  so  11^^:  KqOP.^B^CO) )  -*•  3ft^B^(0)  is  defined:  specifically, 
if  y  €  P.p(3ft''B^(0)) ,  then  there  is  a  unique  £^  £  3^B^(0)  for 
which  y  -  nQ(£y)  *  (£y,...,£y  1.0),  and  we  have  IT^y)  =  £y  ■ 

(y  ,...,y  ,£y).  Set 

PQ  :=  {£  €]Rn-1[  (£.0)  €  n0(3nnB"(0))}; 

the  equality  P ^  *  ^(l,...,n  D  oqob^o)  )  clearly  holds.  Define 
f:  Vq  -*  1R  according  to 

f(£)  :*  (PQ1)n(C,0),  for  each  £  £  pQ. 

Now,  if  £  €  anOB^(O),  and  we  set  £  :*  (£^,...,£n  1) ,  then  "q(U  = 

(tO),  so  £  €  I70,  and  £  -  nj1(e,0)  =  (£ ,  (n~V(t  0) )  * 

(X,f(i)).  On  the  other  hand,  if  £  ■  (£,f(£))  for  some  £  £  PQ, 

then  (£,0)  €  H0(3$rBj(0))  and  Jl'^tO)  =  (£,  (njVa, 0) )  - 

(£,£(£))  ■  £,  showing  that  £  £  D^BjCO).  Thus,  (1)  is  correct. 

a 

Statements  (2),  (3),  and  (4)  are  sufficiently  clear. 

To  complete  the  proof  of  (i),  we  must  show  that  V ^  is  open 

in  J*n  \  and  f  €  C^(Pq)  (obviously,  Pq  contains  0  €  lPn 

since  3QOB^(0)  contains  0  £  IRn) .  Then,  select  £  £  Pq,  and  set 
_1  -  - 

£  : “  IIq  (£,0)  -  (£ , f  (£) ) .  Let  be  an  open  neighborhood  of  £  in 

lRn,  and  4>  £  C^(Ur),  with  grad  $f( y)  +  0  for  y  £  U. ,  SH'TJ,  = 

s  s  S  v»  s 

{y  £  U  |  $.(y)  *  0),  and  -  {y  £  U.|  <t>  (y)  <  0).  Set 

S  s  S  ^  s 

U.  :*  U,nBj(0)  and  C_  :■  4>  |  U:  U.  is  an  open  neighborhood  of 
£  £  d  £  £  £  £ 

£  in  lRn,  i  £  C1(U.),  3f:t’5  -  {y  £  U^|  $  (y)  -  0},  and 
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*  {y  £  U.  |  $r(y)  <  0).  Observe  also  that  v„r(-;)  * 

t,  t,  t,  ■  oil 

grad  i  (O/igrad  $.(0|  •  Let  us  show  that  $  (£)  j  0:  we  have 

4  4  n  4 « n 

4r  =  !  grad  $-.(£)'  v”(£)  *  I  grad  v(Oi  v  .(O*'J„(0), 

s  9  n  4  n  c,  n  da  cm 


'Vt),u3«(0)  '  l*7  f''sn«>-',»n<0>ln  i  I  *2ro>(«  ’  i  ^ 

since  ada  <  1/2.  Thus,  $,  (£)  >  0.  Consequently,  by  the  Implicit 
Function  Theorem  [VI. 2]  (and  its  proof),  there  exist  an  open  neighbor¬ 
hood  C  u  of  £  in  lRn,  an  open  neighborhood  V;  of  £  in 

]Rn  and  a  unique  function  $  €  C^(V-)  such  that 

{y  6  050l  ^-(y)  *0)  *  {y  €  ]Rni  y  ;=  (y1 . y”’1)  6  V., 

yn  «  $,(y)}. 

Clearly,  since  C  u_,  3jyu^0  »  {y€  U^l  4^(y)  *  0).  We  claim 

now  that  V-  C  P  and  q-  »  f|  V- :  first,  if  z  €  V-,  then 
U  S  S  s 

(z,$g(z))  €  {y  e  U^0 |  4^.(y)  ■  0}  -  c  30Hb”(0),  whence 

(z.0)  -  IIg(z, {>„(£))  €  F-0Or.^(0)) ;  this  says  that  z  S  P^. 

Moreover,  since  (z,i^(z))  ■  Fiq^(z,0),  we  also  find  that  <t>^( z)  * 
(riQ^)n(z,0)  *  f(z).  The  claim  is  now  verified,  and  we  can  assert 
that  each  £  €  P^  possesses  an  open  neighborhood  V-  C  P^  such 
that  f|  V"  €  C^(V-).  This  shows  at  once  that  Pq  is  open  in 
]Rn  *  and  f  €  c^(Pq),  completing  the  proof  of  (i). 

We  shall  deviate  here  from  the  order  in  which  the  conclusions 


of  the  lemma  are  stated,  proving  now  (iii.1-3) 
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(iii.l)  (This  has  essentially  already  been  shown,  in  the 

proof  of  (i).)  Let  £  6  3ftOBj(0) .  Recalling  that  v.„(0)  *  e^n\ 

a  ait  n 

and  N3a(O-v3a<0)ln  i  alC-0|“  *  ar“(£),  and  noting  that 
lv3n(°-V3fi(0>ln  “  2-2v3Q(?)#V3fi(0)’  WS  find 


(O 


v3n(c),V0) 


l-  |  |vao(O-va0(0)| 


sn 

.  1  2  2a,r. 

1-  j  a  rQ  (O 

,  1  2  2a 

1-  2  a  d 

1_ 

8  ’ 


2 

n 


since  ada  <  1/2. 

(iii.2)  Choose  £  €  3SlVj(0) .  By  (i) ,  ?6G(f),  so 

£  m  (S,f (£)),  where  £  ■  (£\...,£n  ^) ,  and  it  is  clear  that 


V3f2(’) 


Al+|  grad  f  (£)  | 


(-D.  f  (£),.• .  »-D  . f (£) ,1) , 

i  n-1 


since  3flPB”(0)  «  {y  €  D^xIr]  yn-f  (y^ , . . .  ,yn  2)  *  0),  while 
v.n(0)  *  e^n^  .  In  particular,  l+|grad 
of  (iii.l)  yields 


|  grad  f  (O  |  n_x 


'4«»2 

2  2a,  .  1  4  4a.  . 

3  r0  (°“  4  3  r0  (° 
,.12  2a-.. ,2 

11-  2  3  ro  ^)) 


Use 


(13) 
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,  1  2  2a  ,  (  arQ(tj)  j 

'*  ^  {l-ia2rfu)f 

(  «;<»  i2 


I.  12  2  a  .  .  ' 

I.1"  J  3  r0  (°; 


Now,  if  £  #  0,  -t.C.,  if  tq(0  >  0,  then  the  latter  inequality 

is  strict,  so  (7)  follows.  Likewise,  (8)  follows  from  the  inequality 
immediately  above,  upon  noting  that  1-  y  >  7/8. 

(iii.3)  Let  c  €  lRn,  with  |ej  =1  and  e»e^n^  *  0, 

n  n 

*  0.  For  £  ^  ,  we  have,  from  (13),  with 


/{l+|grad  f(5) |n_1>  j-1  3 


n-1 

I  M<5WJ, 


from  which,  with  the  Cauchy-Schwarz  inequality  and  (8),  there 
follows 


|v^(Q.e| 


n-1 


^  Djf  <^) -eJ  j  <  |  grad  f  (?)  |n_1  <  ar“(0 


(ii)  Since  PQ  -  5(1,  ’ ' '  ,n_1)  (  3^bJ(0)  ) ,  the  inclusion 
Pq  c  1(0)  is  plain.  Note  that,  if  l  e  Vq  and  E,  :*  (?,f(£))» 
then  '  €  3nOB^ (0) ,  and  so  (8)  gives 


i  .  r  /  -s  '  8  a.,,  8  ,a  4 

I  grad  f(,)  ;n_  ±  j  ar  QCO  <  y  ad  <  j  . 


(14) 


Select  any  e  €  ]Rn  ^  with  j  c !  ,  -  1 , 

1  n-1 


define  (c)  C  JR  by 
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(e)  U  >  o!  5C  6  VQ} . 

Since  Vq  is  an  open  neighborhood  of  0  in  lRn  \  and  Pq  C 

b"  ^(0)  ,  (!)  is  non-void,  open,  contained  in  (0,d),  and  contains 

d 

(0,?')  for  some  C’  >  0.  We  shall  prove  that,  in  fact,  (£)  m 

(0,i»)  for  some  C*  >  ^  d;  this  will  clearly  imply  that  Pq  is 

starlike  with  respect  to  0,  and  also  that  ^(0)  C  Pq ,  whence 

9  d 

the  proof  of  (ii)  shall  have  been  completed.  To  see,  then,  that  our 
claim  is  correct,  we  begin  by  appealing  to  the  basic  structure 
theorem  for  open  subsets  of  1R  (cf.,  £.<3.,  Hewitt  and  Stromberg  [20], 
Theorem  (6.59)),  according  to  which  there  exists  a  countable  set  I, 
which  we  can  take  to  be  IN  or  N}  for  some  N  £K,  and  two 

sets  {;2|  i  €  1}  and  {^|  i  6  1}  in  1  such  that  «  0, 

12  2  1 
^  d  for  each  i  €  I,  <_  for  each  i  6  I  such  that 

12  12 
i+l  G  I,  and  (!)  -  (;*,;*);  note  that  the  and  ;i , 

i  6  I,  are  not  in  (!) .  We  wish  to  show  that  I  *  {1}  and 

C2  >  ^  d.  Define  F^:  (!)  -*■  1R  by 

F= (^ )  :*  f(c!)  for  each  5  G  (!)  . 

Since  (Cc.fUe))  €  b"(0)  ,  we  have  £2+(F«  (C) ) 2  *  |  ?!  |  2  ..  +  !  f  (?-:)  |  2  < 

a  e  n-i 

.2 

d  ,  so 

|Fi(c)|  <  /(dV),  whenever  ?  6  (c) .  (15) 

The  inclusion  f  €  C2(Pq)  implies  that  F|  €  C*((!));  clearly, 

F| (?)  -  £  •  grad  f  (?!  )  , 


for  each 


C  G  (!) . 


(16) 


Using  (14),  we  conclude  that  |  F£  |  <  4/7  on  (e)  •  For  each  i  £  I, 

1  2 

the  mean-value  theorem  shows  that  F; |  (5^,5^)  is  c^en  uniformly 

1+  2- 
continuous,  and  so  F^(^.  )  :■  lim  F«(;)  and  F«(;.  )  :» 

'  1  C  -  41+  ' 

12- 

lim  F»(5)  exist.  Letting  5  -+■  C.  in  the  inequality 

,2-  e 

4  - 

2  2  2 

5  +{F;(C)}  4  d  ,  there  results 

22  2-2  2 

(cr +{Fc(n  )}  -  d  *  (17) 

2:  2- 

Suppose  that  strict  inequality  holds  in  (17):  then  (c.e,Fs(5  ))  £ 

n  co  2  2 

B  ,(0)  .  Let  (5  )  ,  be  a  sequence  in  (0,;;,)  converging  to  . 

d  i  1*1  x  x 

Then  the  sequence  (  (S^E  ,F.  (5^)))”^  C  G( f)  «  3C:~B^(0)  converges 

to  (5*e,F:(5*  )),  so  (5*e,Fs(5*  ))  £  3Q,  since  is  closed. 

Thus,  (cJe,Ft(cJ“))  £  3fftfJ(0),  giving  nQ(C^  ,F*  (;*“))  - 

2 -  2~  2 

(;^e,0)  and  so  implying  that  5^e  €  PQ.  But  this  says  that  5^  £ 

(e),  which  is  false.  Consequently,  equality  must  hold  in  (17): 

u:r+{F*(c:  )r  «  &*.  (is) 

X  El 

Note  that,  since  F:(5^+)  ■  F:(0+)  -  f (0)  *  0,  we  have,  applying 

.  2 

the  mean-value  theorem  to  the  continuous  extension  of  F» |  (0,;^) 
to  [0,5*1,  F:(5*')  -  F|(;*")-F|(0+)  -  Fl(5)-5*,  for  some  5^ 

(0,5^)  •  Since  j  FI  1  <  4/7,  we  obtain  |F.(c*”)|  <  (4/7)  *  *  so, 

from  (18), 

d  -  /{ (5^)2+vF= (;*") }2)  <  5*/{ l+( 16/49 ) }  -  5** (*65/7) .  (19) 

1  2 

Now,  suppose  that  I  3  {1,2},  so  there  exist  Cjt  ^  wit^ 
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2  1  2  1  2  e 

K  ^2  —  ^  and  ^2*^2^  C  retracing  the  reasoning  used 

above,  mutatis  muLta.nd.-ii> ,  we  conclude  that 

<c2)2+{Fa(;2+)}2  *  d2‘  (20) 

From  (20)  and  (15),  for  ;  >  ^  and  C  e  (e), 

I Fe <C2+)  I  *  /{d2-<^2)2)  >  /{d2-^}  5  |F*(«|.  (21) 

1  2 

Now,  supposing  that  ^2  <  ^  <  ^2'  We  ma^  a8a*n  aPPly  the  mean-value 
theorem  to  assert  that  there  exists  some  €  (c^S)  such  that 

|f|(C0)  I -(c-cj)  -  lF^2+)"Fe(C)| 

I  l|F.(cJ+)|-|F|(c)|| 

-  lF|(^2+) l“!Fe(C> ! 

>  /{d2-(^)2}-/{d2-;2}; 


the  second  equality  follows  from  (21) ,  the  second  inequality  from 

(20)  and  (15).  Applying  the  mean-value  theorem  to  the  function 
2  2  1 

si-*-  /{d  -s'  }  on  the  interval  (recalling  that  5  <  d) , 

we  can  write,  for  some  C°  6  (c^tO. 

|F*(?0)|*(C-cJ)  >  /{d2-(c^)2}-/{d2-C2} 


2  ,  o  2, 


/{d  -(C  )  } 
>  (C-tj) 


Consequently, 


so 


|F«(C0)|*d  <  y  d, 


5 


2 

1 


< 


< 


4 

7 


d. 


(22) 


Combining  (19)  and  (22),  we  arrive  at  the  impossibility 


.  ^65  2  /65  4.  36  . 


Thus,  we  must  have  I  ■  {1},  so  (e)  =  (0,^p.  Further,  (19)  gives 

2  7  7 


As  noted,  statement  (ii)  follows. 


(iii.4)  Let  £  €  9ftHB^(0)  .  Then  £  :« 
and  £  -  (£,f(£))  -  n^U.O),  so 


(C1 . Cn_1)  6  P0, 


lc-n0(c)!n-  Uni  -  I (n“1>n(c,o) |  -  I f (c) I , 


giving  the  first  equality  of  (10).  Note  also  that 

r0 (O  -  IdJ  -  Ul^_i+If(d|2  i  |c|2_r  (23) 

Now,  since  f(0)  *  0,  (10)  clearly  holds  if  £  *  0,  so  we  may 

suppose  that  £  f  0  (so  £  f*  0,  as  well). 


Choose  any  non-zero  z  €  V^:  Vq  is  starlike  with  respect  to 
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0,  so  sz  £  Vq  whenever  0  ^  s  1,  showing  that  we  can  define 
G- :  [0,1]  -IR  by 

G^(s)  :»  f(sz),  for  each  s  £  [0,1]. 

f  £  G^(Pq)  and  2)q  is  open,  so  G.  £  C^([0,1]),  with 

G.'(s)  -  grad  f(sz)«z,  for  0  <  s  <  1. 
z  —  — 


G-(0)  -  f (0 )  **  0,  and  we  can  write 

1  1 

f(z)  =  G.(1)-G.(0)  »  [  Gl  dX  *  grad  f(sz)«z  d>.(s). 

Z  Z  J  Z  ±  J  ± 

o  o 

The  estimate  [grad  f|n  ^  <  4/7,  following  from  (8),  produces, 
with  (24) , 

1 

If  (2)1  I  I  grad  f(sz)|n^1*|z|n_1  dX1(s)  <  y  |z(ln_1. 

0 


Re-applying  (24)  (with  z  x  O  and  (8),  and  using  (25), 
1 

|fU)|  1  I  grad  f<s^>  i5ln_1  dX^s) 


-7a^n-l  j  I  (s?,f(sC))  ln  dX1(s) 

0 

1 

-faUl^  j  (|s€|^_1+|f(sC)  i2}a/2  dXx(s) 

0 

1 

f  "i<*> 

0 

8  f65l a/2  |  - 1 1+a  (  a  ,  . 

*7[49j  a'^n-l  J  S  dXl(8) 


(24) 


(25) 
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8a  [65ja/2  ,  ?,l+a 

7 (1+a)  (49  I  *|s,n-l  • 

Since  |cln_1  *  |nQ(£)|n  "  r0^0^^’  and  ^'n-1  -r0^^’  the  proof 
of  (10)  is  complete. 


(iii.5)  If  £  £  30^(0),  £  #  0,  and  £  (£* . £n_1) , 


then 


|v^(£).  grad  r0(O 


n-l  .  k  ,n  | 

I  v  (£)•  |  |  +v"  (£)•  -7  ] 

k«l  3f‘  l^n  3f‘  1  ’ '  n 


k 

n-l 


If  (C) 


1  [  |v*  (OI+1 

k-1  3“  1 s 1 n 


<  (n-l)*  ®  aT“(C)+arg(f) 


-  ar“(£), 

by  (9)  and  (10),  having  noted  that  £n  »  f(0  and  j£|  -  rAO  • 

n  u 

Thus,  inequality  (11)  is  correct. 


(iii.6)  Again  with  £€  SST'B^O)  and  £  (£* . £n_1) , 

d 

we  have  -  |  £  |  j  f  (£)  |  2,  while  (25)  gives  |f(^)|  <_ 

7  I  ^  I  n-l  ■  Thus*  I  ^  I  n-l  -  l^n"  if  ^n-1’  which  leadS  t0 
I C I n_1  2.  7  I C i n *  which  is  just  (12) .  □. 

[VI. 65]  REMARK.  Let  us  bring  out  several  other  facts 
concerning  the  setting  of  the  preceding  lemma;  retain  the  notation 
introduced  there.  First,  choose  £  -  (£^,...,£n  *)  €  V and  consider 
the  line  segment  {(£,s)j  s  >  f (£) )rB^(0) :  this  segment  is 
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connected  and  does  not  meet  3ft,  by  (VI. 64.1),  so  it  either  lies 
in  ft  or  is  contained  in  ft  '.  We  shall  show  that,  in  fact,  there 
are  points  of  the  line  segment  in  ft-  ,  whence  it  shall  follow  that 

{(5,8)1  s  >  f(b}~B^(0)  c  ft-', 

by  the  preceding  observation.  Then,  setting  5  :■  (5,f(0)  e  3ft, 
let  C®n  be  an  open  neighborhood  of  £,  and  G  C^(U^) 
such  that  grad  $^(x)  ^  0  for  each  x  €  U^,  Sft'-U^  *  {x  6  U^| 

(x)  *  0},  and  ftrTJ,  *  {x  G  U,  j  $_(x)  <  0},  so  ft  'nu„  * 

{x  €  U-|  ^(x)  >  0}.  Then  =  grad  (4)  /  |  grad  «^(Oin>  so, 

using  [VI.64.iii.l] , 

Dn^CO  *  grad  4>  (C)*e^ 

-  I  grad  yOlnv3n(0.e<n) 

>  | grad  4^(5)  ln 

>  0: 

since  4>r(4)  *  0  and  D  9.  is  continuous  on  Ur,  we  may  assert 
4  n  t,  4  ' 

that  (4+se^)  >  0  for  all  sufficiently  small  positive  s,  so 
4  n 

also  (£,f (O+s)  -  4+se^n^  G  ft  '  for  all  sufficiently  small 
positive  s.  As  noted,  this  implies  that  (1)  is  true.  Reasoning 
in  a  similar  manner,  we  can  also  deduce  that 

{<5,  s)  |  s  <  f(OTBj(0)  C  n, 

whenever  4  G  Vq.  In  turn,  from  (1)  and  (2),  it  is  easy  to  see  that 


(1) 


(2) 
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if  C  e  bJ(0)  With  (e1,...,?0-1)  €  Vq,  then 

C  e  a~’  iff  sn  >  fu1,  ...,cn_1), 

(3) 

C  €  U  iff  5n  <  fU1 . 5n_1)  , 

(and,  of  course,  S  €  an  iff  £n  >  f(£;\...,5n  *)). 

The  more  general  statement  in  which  we  are  interested  can 
now  be  proven. 

[VI. 66]  PROPOSITION.  Let  c  ]Rn  be  a  Lyapunov  domain, 
and  (a,a,d)  a  4et:  Oj$  Lyapunov  constants  fan  0.  Let  x  £  3£. 

RecaZt  the  notation s  established  in  [VI. 62]. 

U)  Vc&inc  h  :  3ttVJ<x)  -*•  ]Rn_1  by 

h  :»  3C  oil  . 

X  XX 

Then  hx(3n°B^(x))  is  an  open  neighborhood  o $  0 

in  IR11-1,  which  is  starlike  with  respect  to  0  and 
such  that 

B"“1(0)  c  h  oar»"(x))  c  b"_1(0). 

/  ,  x  a  a 

9  d 

Ui)  (3fr>B^(x)  .h^)  is  a  coordinate  system  in  3 f:.  We 
have 


L 


and 


K1  '  {v3fi°hx1*van(x)}'1. 


Jh  <  /2 
x 


>  in  h  (3^b!(x>). 

x  a 


(1) 

(2) 

(3) 


(iiij  Tkz  ^ottowina  z&timatz6  hold  {.ok  zac.li  C  e  SfPB^x); 

a 

ii\  /r\  .  ,  ^  ,  1  2  2a...  ,  1  2,2a  7  ... 

(7)  V3fl(C)#V:(x)  -  1_  2  a  rx  (°  >  1_  2  3  d  ”  8  ’’  (  ) 


(2)  c  e  T  (x)  with  |£|  *  1,  than 

dw  n 


lvana)#£l  -7  arx(°; 


131  lc-nxU)|n  "  irx^(nx(0)  -  ^rx+Ct(U* 


UlhZAZ 


8  (65 

7  a  49 


a/2 


(1-ta): 


(5) 

(6) 


(4)  1^(0*  8rad  rx(C)  i  <  arx(^)»  *a  S  #  X, 


(7) 


ivheAZ  a  :«  y  (n-l)a+a; 
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(8) 


PROOF.  We  shall  use  here  the  notations  and  results  of  [VI. 62]. 
We  showed  that  3f^(jl)  is  a  Lyapunov  domain,  0  *  Jf^Cx)  e 

I3.:Xx(«)(0)  ■  "  SK"1  5”  ■  0)-  a"d  v3Wjt(=))<W  ’  enK 
Consequently,  Lemma  [VI. 64]  can  be  applied  to  3f  (SI).  Note  that 


(a,a,d)  is  a  set  of  Lyapunov  constants  for  Jf  Gl) .  We  denote  by 
irn  the  orthogonal  projection  map  5  (£*,... ,£n  ^,0)  on  lRn  onto 
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and  no  3{3Cx(n)  }^B^(0)  ;  tt^  and  7^  have 

their  meanings  as  established  in  [VI. 62]. 


(i)  Let  us  observe  first  that 

X  on  -  it  oX  on  IRn.  (9) 

x  x  0  x 

For,  suppose  that  £  £  ]Rn:  then,  on  the  one  hand,  TtncX  (O  * 

•  U  x 

(^(O,...,«T1(O.0).  Since  it  (£)  G  x+T.n(x),  (VI. 62. 18)  gives 

XX  X  die 

3^ (it  (£))  ■  0,  while  (VI. 62. 17)  says  that  X^o-n  •  X*  on  ]Rn, 

X  X  X  X  X 

for  each  i  G  {l,...,n-l}.  Thus,  on  the  other  hand,  X  cr  (£)  “ 

(0,0)  -  (**(£)  , . . .  .H*'1  (£)  ,0) .  This  proves 
(9).  Next,  because  X^O^B^x))  -  3{Xx(n)  }f'B^(0) ,  and  nQ  is 
defined  on  the  latter  set,  it  is  easy  to  see  that  (9)  implies 

*  on  -  V(XJ  3QnB"(x)),  (10) 

x  x  u  x  a 

which  gives  directly 

x  on  ,  :(1-'”-n'1)0(x  |  anriB^x)).  (ID 

xx  x'  d 

If  we  define,  as  in  the  statement  of  the  proposition,  hx  :■  ^x°"x» 
then  (11)  shows  that 


h  (cr.^Bj(x))  -  ;(i»  •  •  •  »n-l)  (X  ojv-!B"(x))) 
x  a  x  a 

-  =(1»  •  •  *  »n_1>  (3{X  (n)}OB*J(0)); 

x  a 


(12) 


according  to  Lemma  [VI. 64],  the  latter  set  is  an  open  neighborhood 
of  0  in  lRn  \  which  is  starlike  with  respect  to  0,  contains 
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b!?  ^(0) ,  and  is  contained  in  Bj(0) .  Statement  (i)  is  proven. 

i* 

(ii)  Obviously,  3!^B^(x)  is  relatively  open  in  3".;  we 
must  show  that  hx  is  a  coordinate  function  for  3firB^(x) .  Now, 

II  is  continuous,  since  tt  is  continuous,  and  H  is  injective 
by  [VI. 63];  if  is  also  continuous  and  injective  (cf.,  [VI.62.iv]) 


whence  it  follows  that  h^  possesses  these  properties,  as  well. 

We  have  shown  in  (i)  that  h  Oft^B^x))  is  open  in  ]Rn  \  The 
equality  h^1  *  h^Oft^'B^x) ) )  is  plain  enough,  from  the 

definition  h  :»  if  op.  .  We  claim  that  we  also  have 


X  XX 

h~1(C)  -  for  each  l  6  h^SSTB^x) )  . 

To  prove  (13),  let  £  €  h  (oSy'B*!  (x)  )  *  if  on  (  3jX'B*}(x)  ) ,  so  (5,0)  £ 

x  d  x  x  a 

Jf  on  OsrB"(x))  *  H.o3f  (3.01b"(x)),  and  3f"1on~1(5 ,0)  is  defined, 
xx  d  Ox  d  x  O  ’ 

Moreover,  from  (11), 


hx(Xxlon01(^0))  "  5(1 . n”1)oWx(K‘1onQ1(C,0)) 


-  z(1»- *  *  »n-1^ (u~1(5,0))  -  1. 


Also,  if  5  €  3J20b"(x),  then  (h  (£),0)  €  Jf  oH  (3J30b"(x))  - 

u  X,  X  a  u 

nQ0-Kx(3I2''B”(x) ) ,  so  we  can  compute,  using  (VI. 62. 18)  and  (10), 


-  3f"1on~1(3f  on  (c)) 

x  0  '  x  x  w 


*  E- 


(13) 
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We  conclude  that  (13)  does  indeed  hold.  By  Lemma  [VI. 64],  we  can 
write  n^U.O)  -  (5,(n“1)n(C,0))  for  \  €  hx<  3nr>B|j(x) ) ,  and 
we  know  that  the  function  (4  (jlg^)n(i;,0)  is  in  (h^C  3nOB^(x) ) ) ; 
as  in  [VI. 64],  we  call  this  function  f.  Thus,  with  (13), 

h;l(«)-^1(C.(H0-1)n({,°)),  for  each  5  £  h^Bjfx)).  (14) 

Clearly,  (14)  implies  that  h^  €  C^h^O^B^x) )  ;lRn) ;  in  particular, 

h  ^  is  continuous,  so  h  :  3£''Bj(x)  -*■  h  (3^Bj(x))  is  a  homeo- 

x  x  d  x  d 

morphism.  To  prove  that  h^  is  a  coordinate  function  for  3C^B^(x) , 

we  now  need  demonstrate  only  that  Jh  ^  >  0  on  h  ( oft"®  j(x) ) : 

x  x  d 

letting  i  €  h^Oft  ®"(x)) ,  we  find,  from  (14), 

Dh”1(C)  *  {D.X'“1(F0(b)}oDF0(b  -  A^oDFqU), 

where  Ax:  ]Rn  -*•  lRn  is  the  linear  isometry  introduced  in  [ VI . 6 2. Hi], 
and  Fq  €  C1(hx(3finBj(x));Rn)  is  just  the  map  i  |-  n"1(z,0)  - 
(z,(nQ1)n(z,0))  *  (z,f(z)),  the  latter  in  the  notation  of  [VI. 62]. 

The  nx(n-l)  matrix  of  DFq(£)  with  respect  to  the  standard  basis 
vectors  of  lRn  and  ®n  *  is  just 

0 
1 

0 

f,2(0 


so 
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.  ■  *;1(»F0(de‘n-1)) 


*  A  1(e^n^+f,  (Oe^),  for  each  i  €  {l,...,n-l}. 
x  i  i  n 

Now,  because  A  ^  is  a  linear  isometry,  it  follows  from  an  exercise 
appearing  in  Fleming  (15],  p.  309,  that 


n-1 

n-l 

i-1  \yi 

m 

A 

yi 

whenever  CIRn.  Consequently, 


JiThb 


n-l 

i-1 

O-i'h 

n-l 

i-1 

Ax1(*i”>+£' 

■  t(be 

n-l 

A. 

(e^n)+f,i(C)e^n) 

n-l 

a 

/{!+ 

l  (f,A‘or) 

(15) 


*  /{l+|grad  f(l) |n-1}, 

the  penultimate  equality  resulting  from  a  simple  computation. 

Clearly,  (15)  shows  that  Jhx^(£)  >  0,  which  completes  the  proof 

of  the  assertion  that  OJPBjCx)  ,h  )  is  a  coordinate  system  in  3.C. 

a  x 

To  verify  the  representation  (2),  again  choose  a  point 

l  €  h  (3iy''Bj(x)) :  because  f  €  C^h  (3Qhb"(x)))  and 
x  a  x  d 


3{*x(G)>',b|[(0)  -  { (z ,  f (z) )  |  z  €  hx(3(r.Bj(x))}, 


-lu  o  - 


(n) 


with  the  equality  ^}(0)  “  en  ’  ic  is  eas>’  t0  see  that 


'aix  («)}(no1(^0))  “”T— 


(f,,(0 . 


/{1+jgrad  f(£) |n_1J 


Thus,  using  the  inner-product-preserving  property  of  A^,  (13), 

(VI. 62. 12),  and  the  fact  that  A  v.^(x)  »  e^n\ 

x  dii  n 

V^(hx1(^)),Van(x)  *  V3Q(hx1(b),AxV3fl(x) 

-'*{*  (rO)(yx(hxld)))-enn) 


V3(3f  (,)}(J‘01(^0)) 


_  _ 1 _ 

/{1+|  grad  f  (£) 

Upon  comparing  this  result  with  (15),  it  becomes  evident  that  (2) 
must  hold. 


To  secure  the  estimate  (3),  simply  use  (15)  in  conjunction 
with  (VI. 64. 8),  setting  £  :*  (£,£(£)),  and  noting  that  ada  < 
1/2: 


\\b 


1 4*  s 


2  2*,r^ 

a  rQ  (£) 


2  2a 

a  d 


1+it 


/2 


With  this,  (ii)  is  proven. 


Throughout  the  following  proofs  of  (iii.1-5),  £  is  a  point 

of  3QOBj(x),  so  JC  (£)  €  3{Jf  (ft)  Jt^B "(0) .  Each  statement  follows 
a  x  x  a 

from  a  corresponding  estimate  derived  in  Lemma  [VI. 64]  (applied  to 


-147- 


recalling  that  (a,a,d)  is  a  set  of  Lyapunov  constants  for 
Jf^ft) ,  as  well  as  for  ft)  . 


(iii.l)  From  [VI.64.iii.l] , 


.  (n)  ,  1  2  2a  / . » i  _  1  2,2a  7  , , » , 

V3{3f  (ft)}(3fx(C))#en  -1'  2  3  r0  (VC))  >  1_  2  3  d  >8*  (16) 

x 


.  (n) 


but  V3{3f  (ft)}(3fxU))#en  "  V3{3f  (ft)  )  (V° }  *V3{7C  (ft)}(5fx(x)) 


A  v.n(0»A  v  (x)  *  v,,(C)«v  (x)  (by  (VI. 62. 12)  and  the  fact  that 

x  3ft  X  3ft  3--  3ft 

A  is  a  linear  isometry),  while  rn(K  (£))  "*  |K  (5)-7f  (x)j  = 
x  u  x  x  x  n 

|S-x|  (since  3f  is  an  isometry).  Thus,  (4)  results  from  (16). 
n  x 


(iii.2)  Let  e  ^  T.n(x),  with  | e J  *  1.  Then  | A  e !  *  1, 

OJt  n  X  n 

and  A  £«e^  -  A  e«A  v„ n(x)  *  £*v  (x)  -  0,  showing  that  we  may 

x  n  xx  oil  oil 

apply  (VI.64.iii. 3] : 


X 


(17) 


Since  V3{Xx(ft))(3fx(0)*V  *  V3fta)*V  *  V3ft(C)*£*  and 

r0(Xx(O)  ■  rx(C),  (5)  follows  from  (17). 

(iii.3)  According  to  [VI. 64. iii. 4] ,  we  have  the  estimate 


i  irJ«(n0(Kx(t»)  <  irJ“(Kx(«), 


which  can  be  written 


-  1+0 
ar„ 


<w»» 


(18) 
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upon  recalling  (10).  (6)  follows  from  (18),  by  the  isometric 

property  of  X^,  and  the  equality  X^(x)  *  0. 

(iii.4)  Suppose  that  (  x.  Then  X^(C)  +  0,  so 
[VI.64.iii.5]  implies  that 


so  the  left-hand  side  of  (19)  is  just  jA  v  (0*A  grad  r  (O'  ■ 

X  os-  X  X 

|v  (£)•  grad  r  (O  | .  Clearly,  (11)  then  follows  from  (19). 

OH  X 

(iii.5)  From  (VI. 64. iii. 6],  ^(^(O))  i  J  ^(5^-)), 

but  r0(U0(Xx(O))  -  r0(WC)))  *  rX<nx<0)’  and  r0(Xx(V)  ” 
rx(C),  whence  the  first  inequality  in  (8)  follows.  The  second 
inequality  is  obvious.  □. 


Pogorzelski  (42]  cites  a  fact  which  is  quite  convenient  to 
have  available  when  estimating  various  integrals  over  the  boundary 
of  a  Lyapunov  domain.  We  shall  formulate  and  prove  the  pertinent 
statement  here. 


[VI. 67]  LEMMA.  Let  n  be  a  Lyapunov  domain  in  ]Rn.  Let 
a  >  0  and  a  €  (0,1]  be,  xebpeetively ,  a  Holder  coe ^ieient  and 
Holder  exponent  jjo-t  v  i.e.,  iuch  that 

OH 
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|v3r.(y2)~var.(yl)!n-aly2"yi!n  >’ 


e  ai. 


Then  thexe  exliti  a  positive  numb ca  dg,  depending  only  on  a 
and  a,  iueh  that  &oa.  each  d  e  (O.dg)  there  exist!,  a  yd  e  (0,1), 
depending  only  on  a,  a,  and  d,  pc -sieving  the  Having 
property: 


whenever.  x  £  3ft,  and  then  z  s  {x+sv.n(x)| 

Oil 

s  e  ]R}  and  c  e  3iPB"(x)~{  z)  ’  one  chosen, 

a 

the  inequalities!) 


y 


< 


d 


rz(° 

rz(nx(0) 


< 


1_ 

yd 


obtain. 


(1) 


PROOF.  Let  d  >  0  with  ada  <  1/2  (so  (a,a,d)  is  a  set  of 

Lyapunov  constants  for  ft).  Select  x  6  3ft,  then  z  6  {x+sv,_(x)| 

du 

s  €]R),  then  £  €  3ft~iB^(x)f'{z} ' .  Observe  that  rz^x^))  >  0,  for, 
if  z  -  1^(0,  then  2  €  x+T3^(x),  so  "~x  e  N3fi(x)rT3n(x) ,  which 

implies  that  z  •  x;  thus,  IIx(£)  ■  x,  so  £  *  x  (since  II x 

is  injective,  and  JIx(x)  ■  x) ,  and  we  arrive  at  the  equality 
£  ■  z,  contradicting  the  hypothesis  on  £,  and  proving  the  claim. 
Next,  since  z-x  €  }T0(x)  and  II  (£)-x  €  T  (x) ,  it  is  clear  that 

OU  X 


r  (H  (£))  -  /{rj(x)+rj(r.  (£))}  >  r  (H  (£)).  C) 

Z  X  Z  X  X  X  X 

Similarly,  because  £-H  (£)  €  N  n(x)  (cf.,  (VI. 62. 3)), 

X  d)t 


(3) 
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Proceeding  to  the  main  line  of  reasoning  of  the  proof,  first  use 
[VI,66.iii.3]  to  write 


ir2(0"r2(nx(0)l  <  iri+a(IIXU))’ 

from  which  there  follows 

'av^(nu))  r  JO  *ri+“(nst(0) 

r,(nx(0)  <  rz(VO)  «  1+  ; 


note  that  a  >  0  and  depends  only  on  a  and  a.  With  the 
inequality  (2),  ^.rx(n  (C)),  (4)  implies  that 


V‘> 


i-ir;(nx(0>  <  — I  ui)  <  1+«“(HX(0), 


Z  X 


and  then,  because  r  (II  (£))  <_  r  (£)  <  d, 

X  X  X 


r  (O 

l-ada  <  -  <  l+ada. 

rz(I1xU)) 


Now,  simply  choose 

dQ  >  o 

such  that  max  {2adg,  ad°}  <  1, 

and 

suppose  d  €  (0,dg) 

;  since 

ad°  <  1/2,  (5)  holds.  Set  y, 

a 

:  * 

l-ad°.  Since  0  < 

.  ,a  , 

ad  <1, 

Y,  €  (0,1),  and  l-(ada)^  <  1, 
a 

so 

l+ada  <  l/(l-ada)  »  1/y^.  Consequently,  (1)  follows  directly  from 
(5),  with  as  defined.  Obviously,  dQ  depends  only  on  a  and 

a,  while  y ^  depends  only  on  a,  a,  and  d.  □. 


The  following  auxiliary  construction  is  used  in  conjunction 
with  the  divergence  theorem  to  derive  representations  of  solutions 
of  Maxwell's  equations  in  Part  III. 


[VI. 68]  LEMMA.  Let  ft  be  a  non- void  pxcpe-1  iubiet  c IRn 
which  ii  a  q-Xeguiar  domain  {ox  iome  q  >_  2,  and  Audi  that  3ft 
d>  compact.  Fox  each  e  £K,  Let  the  { unction  G£:  3ft  -►  IRn 
be  defined  by 

G£(x)  x+tv  (x)  {ox  each  x  e  an, 

d\l 

and  &et 

ft^  :»  {x  £  ft|  dist  (x,3ft)  >  -e)  i{  e  <  0, 

s*  {x  €  ft  ’  |  disc  (x,3ft)  >  e]  -£({  e  >  0. 

Then  there  exists  an  eQ  >  0  4uc/t  -Chat  whenevex  o  <  |ej  <  eq, 

U)  G£  -ci  a  (q-l)-.unfaedc£uig,  taking  3ft  ante  Sft^, 
(id  ft£  ii  a  (q-l)  -xeguiax  domain, 

and 

(Hi)  v3n  »  -sgn  c  *v3no(G£)  1  on  3ft  . 

E 

Fuxthex, 

(-tv)  lim  JGe  ■  1  u.ni{cxm&Lj  on  3ft. 
e  -*•  0 

PROOF.  We  note  at  the  outset  that  ft  is  a  Lyapunov  domain 
(by  Remark  [VI.61.b]),  v  e  Cq-1(3ft;]Rn)  ([VI. 57]),  and 

v3n  is  Lipschitz  continuous  ([VI. 26]).  In  particular,  we  can 
find  a  set  of  Lyapunov  constants  for  ft  of  the  form  (a,l,d). 
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(1)  First,  for  any  real  e  it  is  easy  to  see  that  Gc  € 
^(3ft;]Rn),  for,  choosing  a  covering  collection  {(U 
of  coordinate  systems  in  3ft,  so  h  ^  £  C^(h^  ( U ^ )  ;]Rn)  for  each 
i  €  I,  we  have 

GEoh  ^  ■  h  ^+£'v  oh  ^  on  h  (U  ) , 

\  \  3fi  i  i  i 

so  Geoh  ^  ^  (h^  (U^ )  ;3Rn)  for  each  i  £  I,  since  is  in 

Cq  ^(3B^Rn) .  This  implies  that  the  claim  is  true.  Observe  also 
that  G£  is  continuous  for  any  e. 


Suppose  now  that  |e|  <  a  then  Ge  is  an  injection. 

Indeed,  let  x^,  x2  €  3ft,  with  Ge(x1>  *  Gc  (x^) ,  -t.e.. 


Xi+cvan(xi)  "  x2+ev3Q(x2)*  Then 


X2*"X1  n 


"  l£l,lv3n(x2)-v30(xl)!n  -  a‘ I £ i * ! x2~xl 1 n’ 


which  can  hold  only  if  ■  x2,  since  a|e|  <  1.  This  proves 
our  assertion.  But  now,  for  these  same  e,  Ge:  30  ■+  GE(3C)  is 
a  continuous  bijection,  and  3ft  is  compact,  whence  the  map  is  a 
home  omo  r ph i s  m . 


To  show  that  GE  is  a  (q-1) -imbedding  whenever  |sj  is 
sufficiently  small,  we  must  verify  now  only  that  Ge  has  rank  n-1 
at  each  point  of  3ft,  or,  equivalently,  that  J GE  >0  on  3ft 
whenever  |e|  is  sufficiently  small.  Clearly,  the  latter  shall 
follow  once  (iv)  has  been  established.  To  prove  (iv),  we  begin  by 
pointing  out  that  we  can  assume  that  the  covering  collection 
{(U  ,h  )}i€j  of  coordinate  systems  in  3ft  has  been  chosen  so  that 


! 


(4) 
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I  is  finite,  and,  for  each  i  £  I,  all  partial  derivatives  of 
h  ^  and  v  Ooh  ^  are  bounded  on  h  (U  ) ,  while 
I  (h ,  «iA.  •  .A(h^) ,  _i  |  is  bounded  below  by  a  positive  number  on 
h  (U  ),-  a  consequence  of  the  compactness  of  3.Q  and  the  properties 
of  coordinate  systems.  Then,  from  (4),  it  is  clear  that,  for, 
say,  |e|  <  1, 

n-1  1  n-1 

(^V.i  1  (h"1)^  4M-|e|  on  h^l^) 

for  each  i  €  I,  for  certain  positive  numbers  Using 

(VI. 24. 3),  it  follows  that 

JG£  |  »  <_  1+M|*je|  for  each  t  £  I,  (5) 

for  certain  positive  numbers  {M * } •  Assertion  (iv)  surely 
follows  from  (5),  since  I  is  finite.  As  remarked,  we  have  now 
proven  that  G£  is  a  (q-1) -imbedding  if  |e|  is  sufficiently 
small;  among  other  consequences  of  [VI. 30],  we  now  know  that 
G£(3ft)  is  a  compact  (n-l,n;q-l)-manifold  for  these  same  e. 

We  shall  next  prove  that,  for  |e|  sufficiently  small, 

G£ ( 3fz)  ■  {y  €  0  |  dist  (y,3n)  *  e),  if  c  >  0,  (6) 

whereas 

G£(3zl)  *  {y  £  ft]  dist  (y,3fz)  ■  -t),  if  e  <  0.  (7) 

For  this,  we  first  appeal  to  [VI. 59],  which  tells  us  that  there 

exists  a  positive  (,  for  which 

*1 
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ylelding 
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|x-x|  <  2(c-6)  <  2e  <  d. 

n 

Thus,  x  €  3ff"'‘Bj(x)  and  x  i  x ,  allowing  the  application  of 
a 

[VI . 66. iii. 4] ,  giving  first 

|v3fJ(x)»  grad  r- (x)  1  <  a ! x-ic | „ , 

then 

2 

2c*|x-x|  *v.n(x)»  grad  r-(x)  >  -2ae*|x-x|  .  (11) 

n  wit  x  n 

We  can  write,  further, 

52  *  |x+ev.-(x)-x| 2  -  |x-x|2+e2+2ev  (x)»(x-x) , 

oi  4  n  n  ait 

so 

2  2  2 

2c- |x-xinv3fl(x) •  grad  r-(x)  +|x-x|n  »  6  -e  , 
and,  now  recalling  that  e  <  l/2a,  (11)  implies  that 

0  <  (l-2ae) • jx-x|2  <  62-e2  <  0, 

which  is  impossible.  Thus,  6  *  t.  This  completes  the  proof  of 
(6),  if  e  is  as  specified.  (7)  can  be  verified  in  a  similar 
manner,  for  e  <  0  and  |ej  sufficiently  small. 

Statement  (i)  will  be  completely  proven  once  we  have  shown 
that,  for  |e|  sufficiently  small, 

35^  ■  {y  €  £}"’  |  dist  (y,3ft)  -  e)»  if  e  >  0,  (12) 


and 
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3ft£  *  {y  S  ft|  dist  (y,3ft)  *  -e),  if  c  <  0,  (13) 


which  we  shall  do  presently.  Let  us  make  some  preliminary 
observations:  by  the  continuity  of  the  map  x  »-*■  dist  (x,3ft) 
Rn,  we  know  that  dist  ^  ((n»°°),3ft)  is  open,  while 
dist  1  (fn,®), 3ft)  is  closed  in  ]Rn,  for  each  n  >  0.  Thus, 


ft'Vdist-1  (  (e  ,») ,  3ft) 

if 

£  >  0, 

ft^dist-1  ((-£,*), 3ft) 

if 

E  <  0, 

on 


since 


each  ft^  is  open.  Moreover,  the  sets  given  by 

{x  €  ft]  dist  (x,3ft)  j>  -e}  if  e  <  0, 

ft  :*  • 
e 

{x  €  ft  '|  dist  (x,3ft)  _>  e)  if  e  >  0 


must  be  closed;  in  fact,  if  e  <  0,  one  can  easily  show  that 

{x  G  ft|  dist  (x,3ft)  >_  -e)  ■  {x  €  ft“|  dist  (x,3ft)  -e) 

-  ft'Odist"1  ([-£,“), 3ft), 

with  similar  reasoning  for  ft£  if  e  >  0.  We  claim  that 

ft^  *  ft£  whenever  |e|  is  sufficiently  small 
(and  positive). 


(14) 


To  see  that  this  is  so,  suppose  first  that  c  >  0:  since  ft^  is 
closed  and  certainly  contains  ft  ,  the  inclusion  ft  C  ft  must 

E  EE 

hold.  Now,  assume  that  x  €  ft£ ,  4.e.,  x  G  ft  '  and  dist  (x,3ft)  _> 

e.  If  dist  (x,3ft)  >  e,  then  x  €  £  C  ft^ ,  so  we  must  examine  only 
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the  possibility  that  dist  (x,3r.)  :=  inf  |x-z|  ■  e:  supposing 

z  e  sn  n 

that  this  holds,  and  that  e  is  small  enough,  it  is  easy  to  see,  as 
before,  that  we  must  have  x  ■  G£(x)  *  x+ev  (x)  for  some  x  € 

0  Ji 

Since  it  was  shown  that  there  is  some  e  >  0  such  that 


Gn ( 3fi)  -  {y  e  n  |  dist  (y,3fO  -  n)  for  0  <  n  <  e, 


oo 

if  we  select  any  sequence  (tj)  ^  C  (0,“)  with  en  -*•  0,  and 
assume  that  e  <  c,  for  all  sufficiently  large  j  we  find  that 


£+£  .  t 

x+(e+e .) v  (x)  =  G  -1  (x)  6  {y  6  '  [  dist  (y,3f.)  =  e+e  }  C  f. 

J  j  € 


4  00  AM 

Since  (G  J(x)).  1  converges  to  x+ev  (x)  *  x,  we  can  conclude 

that  x  €  if  e  <  e.  Thus,  (14)  has  been  proven  for  the  case 
e  >  0.  The  consideration  of  the  case  e  <  0  proceeds  along  similar 
lines,  and  so  we  omit  the  details.  Now,  having  (14)  available, 

(12)  and  (13)  can  be  proven  easily:  if  | e |  is  sufficiently  small 
and  e  >  0,  then 


3Q 

£ 


£  £ 


-  sTon’ 

£  £ 

■  {x  £  n  '|  dist  (x,3n)  >_  e^Ux  e  n  'j  dist  (x,?;.)  <_  ejun-} 


■  (x  €  jj  '|  dist  (x,3ft)  -  e), 


giving  (12),  while  if  e  <  0,  (13)  follows  in  much  the  same  fashion. 


Since  we  can  now  state,  by  (6),  (7),  (12),  and  (13),  that 
GC(3.‘.)  ■  3f;e  for  each  non-zero  e  with  |e|  sufficiently  small. 
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(i)  has  been  verified. 

(ii)  Let  us  begin  here  by  showing  that  fi  is  a  regularly 
open  set,  provided  |e|  is  sufficiently  small.  We  investigate  first 
the  case  in  which  e  >  0:  we  are  to  prove  that 

$f°  -  n  (15) 

£  £ 

whenever  e  is  sufficiently  small.  Recalling  that  is  open, 

the  inclusion  fi  °  3  Pi  is  obvious.  Now,  let  x  6  ft  °  and  choose 
e  e  e 

a  positive  6  such  that  B^(x)  C  ft" .  If  we  can  show  that  B^(x)  c 

then  we  shall  have  x  6  completing  the  proof  of  (15). 

Assume,  then,  that  there  exists  some  y  6  b”(x)''-I2^ ;  this  implies 

that  y  €  ■  3J2  hence,  if  e  is  sufficiently  small,  that 

£  £  £ 

dist  ty, 3J2)  »  e,  and  y  »  y+eJ3fi(y)  for  some  y  6  3ft.  Note  that, 
again  if  e  is  sufficiently  small,  »  (x  6  Q  '|  dist  (x,9ft)  _>  e}. 
Now,  certainly  we  can  select  n  e  (0,e)  so  that  y-nv5f!(J)  e 
b”(x),  but  then 

y-nv3n(y)  *  y+(e-n)  v3fJ(y)  <=  (x  €  ft“'|  dist  (x.Sfi)  -  e-n), 
implying  that 

y-nv3n(y)  £  (x  £  p~'  !  dist  (x.ar:)  _>  e)  -  fi£, 

and  so  contradicting  the  inclusions  y-nv3JJ(y)  €  B^(x)  C  ft".  Thus, 
if  e  is  sufficiently  small,  B^(x)'"ft^  ■  0,  -t.e.,  B^(x)  c  « 

giving  (15)  for  these  same  e  >  0.  The  proof  of  (15),  in  case 
e  <  0  and  |e|  is  sufficiently  small,  is  similar. 
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Now  we  know  to  be  regularly  open,  with  (by  (i)) 

•  GC(3fi)  an  (n-l,n;q-l)-manifold,  if  |e)  is  small  enough. 

But  we  may  therefore  invoke  [VI. 55]  to  conclude  that  is  a 

(q-l)-regular  domain  for  these  same  e. 

(iii)  We  suppose  here  that  ]e|  is  so  small  that  (i)  and 
(ii)  hold.  Choose  any  x  £  3Q.  We  aim  first  to  prove  that 

t3b(x)  ‘  T5r,  (p£<x))-  <I6) 

e 

Since  each  tangent  space  here  is  an  (n-1) -dimensional  subspace  of 
]Rn,  (16)  shall  follow  once  the  inclusion 

Tac  (gE(x))  CT3n(x)  (17) 

e 

is  known.  To  prove  (17),  let  B  €  T._  (Ge(x)).  Then  there  exist 

af‘e 

6  >  0  and  ve  €  C1((-5,6)  jlRn)  with  *E(-5,5)  C  3J2  ,  ^e(0)  -  GE (x)  , 

and  <J>E  (0)  *  S.  We  define  (—6 » <5)  ■»  Hn  v-ia. 

^(o)  :•  GE  o^E(g)  for  ja|  <  5,  (18) 

and  fy :  (-5,5)  -*•  ®n  by  setting 

fy(c)  :»  v3q°v(g)  for  |o|  <  5.  (19) 

Let  us  assume,  for  the  moment,  that 

vj  (-50,50)  6  C1((-50,60)^Rn)  for  some  5Q€(0,5].  (20) 

Then,  since  v((-5q,5q))  C  3H  and  ^ CO)  ■  x,  we  see  that 


i|<'(0)  €  Tjq(x).  Further,  since  H  is  a  q-regular  domain,  reason¬ 
ing  which  is  by  now  familiar  allows  us  to  assert  that  there 
exist  an  open  neighborhood  of  x  in  lRn,  u  ,  and  a  function 
♦  e  C**(U  )  such  that  grad  4  (y)  #  0  for  each  y  €  U  ,  and 

XX  X  X 

van(y)  *  ! grad  4  (y)  j  grad  4  (y)  for  each  y  S  oSPU  .  (21) 

x  n  x  x 

In  view  of  the  definition  (19),  (20)  and  (21)  together  imply  that 
f  is  of  class  on  a  neighborhood  of  0.  Therefore,  we  can 

deduce  that  f  (0) *  f ' (0)  =  0,  since  ]f  (o)l^  •  1  for  I  a  I  <  6, 

■L.Z.  ,  v  n(x)*f'(0)  *  0,  whence  f'(0)  €  T  (x) .  But,  by  writing 

0*1  V  V  OU 

-1 

\pC  ■  G£oGe  oipe  ■  Gec-v  *  ijcfev  -Oij)  ■  ip+tf  on  (-£,6),  (22) 

Oil  V 

we  come  to  the  desired  result 

6  -  *e'(0)  -  **(0)+cf^«tt  6  T3Q(x). 

This  implies  that  (17)  is  correct;  as  remarked,  (16)  follows. 

Of  course,  the  preceding  reasoning  depends  upon  the  validity 
of  (20)  whenever  je|  is  sufficiently  small,  independently  of  the 
x  chosen  in  ~C1.  For  this,  observe  first  that,  by  (22), 

^(c)+ev3^(v(c))-4C(o)  »  0  for  |o|  <  6.  (23) 

Making  use  of  the  q-regularity  of  Q  and  the  compactness  of 
we  can  find  a  finite  collection  of  open  subsets  of  3Rn,  {U. ) ^  ,, 
which  covers  and  a  corresponding  collection  of  functions 

{$£  e  c"(U  )>J  such  that,  for  each  i  6  {l,...,p}. 
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m  1  |  grad  4>^  | n  <_  on  U  ,  (24) 

!$i,jk^  -  Mi  011  Ui»  for  j,k  -  (25) 

for  certain  positive  numbers  m^  and  M^,  and 

v.-(y)  -  I  grad  'f' .  (y)  |  1*  grad  $  (y)  ,  for  each  y  €  Sfinu  .  (26) 

oil  1  n  1  1 


As  a  further  restriction  on  e,  because  of  (24)  and  (25),  we  may, 
and  shall,  suppose  |e|  to  be  so  small  that 


det  5.,+Z' 


jk  I] grad  j 

1  1  nJ  i 


(y)  >  0  for  each  y  €  cf.^U . , 


for  each  i  €  {1, . . . ,p} , 


Now  choose  l  €  {l,...,p}  such  that  x  €  U^,  and  define  a  function 
F:  (-6 , 6)  -*■  TRn  by 

grad  <f  (y) 

F(y,a)  y+e  $^(y)  | - *  M  for  y  e  u£.  M  <  5.  (28) 

It  is  clear  that  F  €  C^(UJlx(-6,5)  ^Rn)  (recalling  <iie  € 

^((-S.d)^")),  and 

F(x,0)  -  x+£v3a(x)-K;e(0)  -  *(0)+e (0) ) -v£ (0)  -  0,  (29) 

by  (23)  and  (26).  Moreover,  by  (27),  it  is  easy  to  see  that 

<“  «F.k<*'°»l<j,ki„>  >  0-  <W 

With  these  facts,  the  implicit  function  theorem  says  that  there  exist 
an  open  neighborhood  tl  C  Ujlx(-6,6)  of  (x,0) ,  a  6  >  0,  and  a 
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uu-t^uc  function  <p:  (-6,6)  ■*  TRn  such  that  (v(c),j)  G  U  for 

| o |  <  6,  and  F(i^(a),a)  ■  0  for  j a (  <  6.  But  also,  because 
4>:  (-6,6)  ■+•  ]Rn  is  continuous  (this  much  is  clear,  directly  from 

the  definition  (18))  and  'l'(O)  -  x,  we  can  find  a  6’  >  0  such 
that  (■Ha), a)  G  U  whenever  |a|  <  S',  while  it  is  easy  to  see 
that  F(<P(a),a )  «  0  if  joj  <  6,  because  of  (23),  (26),  (28), 
and  the  fact  that  ip((-6,6))  C  3ft.  Thus,  ^  and  ip  must  in  fact 
coincide  on  a  neighborhood  of  0.  Since  the  implicit  function 
theorem  also  asserts  that  0  e  ( (-6 , 6)  jIRn) ,  it  follows  that  \p 
is  of  class  on  a  neighborhood  of  0,  -t.e..  ,  (20)  is  true.  It 

is  imperative  to  observe  here  that  the  uniqueness  assertion  of  the 
implicit  function  theorem  requires  for  its  proof  no  smoothness 
properties  of  the  implicitly  defined  function,  as  one  can  check 
(cf.,  [VI. 2]). 

With  the  verification  of  (20),  for  |e|  sufficiently  small 
the  equality  (16)  is  known  to  hold,  whence 

Nan  ^  ^ ^  *  Nan(x) * 

e 

and  v3JJ  (G£(x))  is  given  by  one  of  \>3n(x) ,  -v^x)  (v^  is 

c  e 

well-defined,  since  (ii)  holds;  cf.,  [VI. 57]).  Suppose  first  that 

e  >  0:  assume  that  (GE(x))  ■  v^(x).  We  already  know  that 

£ 

there  exists  a  positive  such  that  y+sv3^(y)  e  8  '  an<^ 

dist  (y+sv3n(y) , 3ft)  -  s  whenever  y  G  3ft  and  0  <  s  <  e^.  Thus, 
if  t  €  (0 , £ ^)  and  s  G  (e,e^),  we  have 


(31) 


x+ev^(x)+(s-E)'^{x)  €  ng. 


so,  according  Co  our  assumption, 

G£(x)+(s-e) (Ge(x))  €  n 

E 

which  implies  Chat 

Ge(x)+s*v  (GC(x))  €  fi  whenever  0  <  s  <  e  -e; 

€  1 

this  is  impossible,  for  it  violates  the  definition  of  v  (Gc(x)). 

£ 

Consequently,  we  must  have  \>^  (G£(x))  -  -v3n(x)  for  e  >  0  and 

sufficiently  small.  Similarly,  if  e  <  0  and  |e|  is  small  enough, 
one  can  show  that  v,^  (GE(x))  ■  v3^(x).  We  conclude,  then,  since 

all  restrictions  imposed  on  e  were  independent  of  the  particular 
x  chosen  in  3JJ,  that 

Van  oGt  "  ”s®n  e  *van  on  3n* 

E 

if  e  j  0  and  |e[  is  sufficiently  small. 

Statement  (iii)  obviously  follows  from  this. 

(iv)  This  fact  was  verified  in  the  course  of  proving 

(i).  □. 

We  complete  Part  VI  by  using  the  divergence  theorem  and  the 
estimates  developed  for  the  geometry  associated  with  the  boundary  of 
a  Lyapunov  domain  to  derive  a  generalization  of  Gauss's  formula 
(cf.,  GUnter  [19]  or  Mikhlin  (34]). 
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[VI. 69]  LEMMA.  Let  ft  be  a  bounded  Lyapunov  domain  in  TR' 

3 


Lit  C  €  uiiti  |  cl  o  <  1*  Foa  x  e  ]R3,  di&lne  r  { C )  j 


nn'Mx}'  ->-ii  by  bitting 


rx{£}  {(E2rx>jl)2+(l-|C|3)}'3/2. 


Then 


r  ,v*  *r  {£}  dX 
2  x,i  3ft  x  3ft 

r 

3J2  x 


0  ,  ii  x  e  ft  '  f 

2 -n ( l—  |  £| 3>_1»  U  x  e  an, 

4tt(i- ! C ( 3)-1-  U  X  €  n. 


P  8  O  O  F.  Throughout,  x  Is  fixed  in  3R  .  First,  we  observe 
that  since,  for  i,j  €  {1,2,3}, 

^x.i-r,«»*i  -  -a';3{«s.t>2+«-i'i23>r3/2 

+2r*3{(^rx^)2+(l-|c|2)r3/2 

-3r^2{(CZrXip2+(l-U!2)r5/2 

•ukrx,k),C"(6im-rx,irx,m)rx,i’ 
on  ]R^''{x}'; 


noting  that  (5.  -r  .r  )r  .  ■  0,  it  follows  that 
im  x,i  x.tn  x,i 

<ri2rx,l,r*U1)'i  ■  O'  ln 


Also,  we  obviously  have,  on  ]R  'Hx}',  recalling  that  :£;_  <  1, 


0  <  (i-lcl2)  1  Ur  )z+u-U!2)  i  Ul2+(i-'^l2)  -  1, 


(i) 


(3) 
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whence 

1  1  yu  1  (l-U;2)"372,  on  m3"{x} ' .  (4) 

We  shall  now  verify  (2)  by  considering,  in  turn,  each  of  the 
three  possible  positions  for  x. 

(i)  Suppose  that  x  £  f,~':  clearly,  in  view  of  the  inequality- 
preceding  (4),  and  noting  that  S  is  a  normal  domain,  we  may  apply 
the  divergence  theorem  in  f2  along  with  (3)  to  arrive  at  (2)  in  this 
case: 


3f2 


rx  rx,iv3fi*rx{5}  dX3: 


\  (rx2rx,i-rxU})’i  dX3fi 


0. 


(ii)  Suppose  that  x  £  Q:  now,  for  any  c  £  (0,  dist  (x,3f.)), 

we  consider  the  normal  domain  tt"^BJ(x)  Since  the  function 

e 

*2  oo  3 

rx  TjJO  lies  in  C  OR  '"'{x}'),  the  divergence  theorem  and  (3) 
produce,  in  this  case. 


f  “2  1 

]  Tx  rx,iV3: 


ss'rx(tl  dX3!)  + 


I  r  2r  .•  (-r  )  •  r  (6)  dX 

J  X  x,i  x,i  X  3  3(x) 

3B^(x) 


jtib3(x)“' 


(r~2r  .-r  {?}),.  dX, 

A  ^  **  *  ^ 


0, 


so 
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r  .v*  *r  {£}  dx„, 

x  x,l  3.Q  x  3.f 


an 


(5) 


3  rx{(^rx  2>2+<Hci:>} 

3BJ(x)  X  x’£  3 

e 


2-3/2  d%B3(x) 


For  the  evaluation  of  the  integral  on  the  right  in  (5),  it  clearly 

(3) 


suffices  to  assume  that  x  -  0  and  £  »  |d3e3 


as  the  use  of  an 


3 

appropriate  affine  isometry  on  1R  would  show.  To  compute  the 
integral  in  that  case,  we  shall  use  a  spherical  coordinate  function: 
let  S£:  (0,tt) x (o , 2it)  -*■  3B£(0)  be  given  by 

12  12  12  1 
S  (to  ,to  )  :*  (e  sin  to  cos  <o  ,  e  sin  to  sin  <o  ,  e  cos  u  ), 


1  2 

for  0  <  to  <  it,  0  <  to  <  2ir. 


(6) 


Then  S£  maps  (0,tt)x(0,2tt)  onto  3B£(0)^N',  where  N  is  a  closed 
3 

subset  of  3B  (0)  of  \  _  -measure  zero,  and  is  injective. 

f  3B3(0) 

Setting  0£  :■  S£  :  DB^Oj^N'  -*  (0,ir)x(0,2ir)  ,  it  is  easy  to  check 
3  3 

that  (3B£ (O)'^N ’ ,0£)  is  a  coordinate  system  in  3B£(0),  which  can 


be  used  for  the  computation  of 


f  dX  -  whenever  f  € 
,  3B3(0) 

3B£ (0) 


L^(3B£(0)),  since  N  has  measure  zero.  Routine  calculations  give 

JSc(io1,io2)  *  t 2  sin  (o1  and  (££rx  °S£  (to\u2)  -  |  C  I  3  cos 

1  2 

for  0  <  to  <  tt  and  0  <  to  <  2tt,  the  latter  when  x  *  0  and 
C  ■  | C I 3e 3^^  *  as  we  are  supposing.  Thus,  the  integral  on  the 


right-hand  side  of  (5)  is  just 
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0  0 


sin  tn 


r  i  r ;  2  2  1,.  |  i 2, 3/2 

t  K 1 3  cos  uj  +1-U  i  3> 


d*1d-2 


(7) 


The  integral  appearing  on  the  right  in  (7)  is  completely  elementary; 

TT 

if  KI3  m  it  is  just  sincj^dw^  ■  2,  while  if  0  <  j  C 1 3  <  1» 

0 

it  can  be  rewritten  as 

U^-u-UI2)-172 

..  2 _  du 

Ul3  (1-UI2)  j,  (l+u2)3/2  ’ 

2  — J. 

the  value  of  which  is  easily  found  to  be  2(1- | C  1 3)  •  It  follows 

that  (2)  is  correct  when  x  €  fl. 


(iii)  Finally,  we  assume  that  x  €  afi,  the  most  difficult 

case  to  analyze:  let  (a,a,d)  be  a  set  of  Lyapunov  constants  for 
—2  i 

fi.  The  function  r  r  ,v:n'r  {£}  is  continuous  on  3jTKx}'  and 
x  x,i  3!i  x 

we  have,  by  [VI. 66. iii. 4] ,  the  estimate 


|rx  (y)*rx,i(y)v3fi(y)‘rx{U(y)l  -  (1-|cly 


2. -3/2  -2, 


ir  (y) • v_ . (v) j 

X  j  1  c  • 


I  | 2. -3/2  *  -(2-a),  . 

<  (1- | Cl 3)  *arx  (y) , 


for  y  €  3n''B3(x)r>{x}'; 


3 

since  o'^B  ,  (x) '  is  compact  (3T.  is  compact),  there  then  exists  a 
a 


positive  k  for  which 
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|r"2r  v\  -r  U>|  <  kr_(2_a)  on 
x  x,i  3(2  x  —  x 


3»T'{x}  ’  . 


(9) 


-2  i 

The  measurability  of  r  r  ,v,0*r  {£}  on  SfT'tx}'  being  obvious, 

X  X  ,  1  d X 

-2  i 

it  is  easy  to  see  that  (9)  implies  that  r  r  ,v;  - *r  {£}  €  L  (3(2) 

X  X  ,  1  Cii  X  1 

(cf.,  also,  [IV. 19]).  Thus,  we  can  assert  that  (cf .  ,  [1.2.39]) 


rx  rx,iV3P.*rx^}  dX3(2 


3Q 


(10) 


lim  H 
e  -  0 


r  2r  ,v**r  {£}  dX  . 
x  x,i  3(2  x  oil 


3Q~>B^(x)  ’ 


For  0  <  e  <  d,  let  us  apply  the  divergence  theorem  in  the  normal 
<}  ^ 

domain  (2Hir(x)  in  view  of  (3),  we  find 


3(rB^(x) ' 


r  2r  .v*  ‘F  {£}  dX 
x  x,i  3(2  x  3(2 


r~2rx  ±(~rx  P‘rx{^}  dx  3 
x  x,i  x,i  x  3b^(x) 

3B^(x)OS2 


<rx2rx,i*rx{C})'i  dX3 


(2^B2(x)"' 


0, 


so,  from  (10), 

r“2r  .v*  -F  {£}  dX  -  lim 
x  x,i  an  x  3(2  e  ^  Q+ 


3Q 


r"2*r  {4}  dX  ,  .  (11) 

X  X  3B3(x) 


3B^(x)Ofi 
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We  must  now  evaluate  the  limit  appearing  on  the  right  in  (11); 
for  this,  it  suffices  to  evaluate 


lim 
e  -  0 


3B  (0)r>n 

E 


r0  d;>l  3 

3BJ(0) 

E 


(12) 


*  3  —  3 

where  5  C  ]RJ  is  a  Lyapunov  domain,  0  €  aft,  Tg-(O)  *  {y  €  ]R  j 

3  (3) 

y  »  0),  and  v^(0)  *  e3  *  s*nce  general  case  can  be  reduced 

to  this  by  employing  the  affine  isometry  introduced  in  [VI. 62], 

3 

or,  more  precisely,  its  restrictions  to  the  spheres  3B£(x),  to 
replace  the  integrations  appearing  on  the  right  in  (11)  by  correspond¬ 
ing  integrals  over  3Cx{ 3B^(x)<^fi}  ■  3B3 (0)^3fx{ft} .  In  fact,  from 
[VI. 52]  (cf.,  also,  [I. 2. 26. a]), 


-2 


3B  ^(x)^ 


r,U)  dx  3 

3B£(x) 


r 

Xx(3B3(x)nft) 


X  X  XE 


dX 


3B3(0) 


(13) 


3B;(0 )HJC  (ft) 

6  X 


r”2 *r_{A  o  dX 
0  0  x  3B3(0) 


in  which  3Cxe  Xj  3B3(x):  3B3(x)  -*■  IR3  is  an  “-imbedding  taking 

3  3 

3B  (x)  onto  3B  (0),  and  A  is  the  linear  isometry  defined  in 
c  e  x 

[VI.62.iii],  the  second  equality  following  from  a  simple  calculation 
taking  into  account  the  properties  of  X  ^  and  Ax«  and  the  easily 
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-1  3 

verified  fact  that  JK  **  1  on  3B  (0)  for  £  >  0.  We  do  have 

X£  £ 

0  «  »«„<»>,  T)m  (0))(0)  -  (y  €  rn3|  y3-0),  aid  v,{*  (r.)i‘°> 

(3 )  x  x 

el  ,  while  3C  (0)  is  a  Lyapunov  domain,  any  set  of  Lyapunov 
J  X 

constants  for  fi  also  being  a  set  of  Lyapunov  constants  for  (f.)  . 
Once  we  have  verified  that  the  limit,  as  e  -*■  0+,  of  the  last 
integral  in  (13)  depends  only  upon  | A^C I ^ *  c^e  sufficiency  of  the 
simplifying  assumptions  shall  become  evident,  since  |s|_  ■  jA^ly 


Let  us  then  consider  (12),  under  the  hypotheses  listed.  We 
intend  to  show  that 


lim 
e  •*  0 


i  r^2r 0U>  dX 

J  °  31s  (0) 

3BJ(0)<^j  E 

c 


3B3(0r®^ 


r02p0U}  dx  3 
°  u  3B"(0) 


0, 


(14) 


and 


r0  ^0^^  dX  3 
,  ,  °  °  3B3(0) 

3B^(0)HR_  e 


2.-1 


2-rr ( 1—  1 5  j ^)  ,  for  each  e  >  0,  (15) 


wherein 


]R3  {y  €  ]R3|  y3  <  0). 


(16) 


Clearly,  from  (14)  and  (15)  it  shall  follow  that  the  limit  in  (12) 

2  *1 

is  also  2rr (1—  j  C  I  3)  »  hence,  in  particular,  depends  only  on  1  C  1 3 * 

By  the  reasoning  outlined  above,  we  shall  be  able  then  to  conclude 
immediately  that  the  limit  in  (11)  is  2-r ( 1—  j ^  ]  ^ )  with  which  the 

proof  of  (2)  shall  be  complete  for  this  final  case. 
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To  verify  (14),  write 


W-l  {y  e  E3|  y3  >  0}, 


fiOaB^OOR3,  for  0  <  e  <  d. 


and,  for  0  <  e  <  d, 


h  OB^OnR-VcST^E3^)^3}'  -  6'nSB3(0)HR3.  (19) 

e-  £  -  e  e 

Noting  that  3B3(0)rifi  is  the  union  of  jF'3B3(0)HR3,  nO3B3(0)'TR3 , 

e  e  -  e  + 

and  a  set  of  X  -  -measure  zero,  we  have 
3B^(0) 

r'2r  {U  dX  -  [  r-2r0(U  dX 

,  ■>  3B^(0)  J  U  3BJ(0) 

3B^i0)niR_  e  3B^(0)nj)  e 


2  r0{°  dX  3  -  VC}  dX  3 

e2  |SJ  3B3(0)  J  0  3B3(0) 

c-  e+ 


-MJ 


T '  ro{U  dX  3  + 

e  nJ  3B  <°>  5  . 

e-  e+ 


‘ 

ro 


(U  dX 


3B^(0) j 


e 


3 

»  in  3Bs(0) 

e-  e+ 


having  applied  the  inequalities  in  (4)  (with  x  *  0) .  To  estimate 

the  integral  in  (20),  we  shall  use  the  spherical  coordinate  system 
3 

(3B  (O)HN' ,&  ) ,  introduced  in  part  (ii).  Note  that  the  setting 
here  coincides  with  that  considered  in  Lemma  [VI. 64]  and  Remark 
[VI. 65],  so  that  we  have  available  the  facts  proven  there.  Let 
(a,a,d)  be  a  set  of  Lyapunov  constants  for  &.  Wq  denotes  the 
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1  7  3 

orthogonal  projection  y  i-  (y  ,y“,0)  taking  ®  onto  T.-(O), 

Oii 

and  nQ  :=  »  |  03^(0)).  We  assume  now  that  £  is  any  number  in 

the  interval  (0,(7/9)d).  Let  us  first  study  the  case  in  which 
ye  ^C+°N':  then  r0<Vy))  <  r0^  “  e  <  C7/9)d,  so  irQ(y)  € 
HqO^B^CO))  by  [VI.64.ii],  whence  (y\y2)  is  in  the  domain 
Pq  of  the  function  f  introduced  in  [VI. 64].  Since  we  also  have 
y  €  (VI. 65. 3)  shows  that  y^  <  f(y^,y2),  with  which  the 

estimate  (VI. 64. 10)  yields 


.1,  ,  13 

cos  G£(y)  *  —  y 


«  A  £</,y2) 


1  ~  arQ+a(n0(y1,y2,f (y1^2))) 


1  *  1+a ,  ,  . . 

7  aro  (Vy)) 


<  1  -  l+a 
.  -ae 


Thus , 

sup  cos  G*(y)  <_  aea.  (21) 

yen  ON'  e 

c+ 

Suppose  next  that  y  £  n^  rN':  again  we  have  ^(^^(y))  <  z  < 

7/9  d,  so  (y\y2)  £  Pq.  Now,  y  6  n',  by  (19),  so  y  £  n~'ujo, 

3  12 

and  (VI. 65. 3)  implies  that  y  >  f(y  ,y  ).  Again  using  (VI. 64. 10), 

Al,  .  13 

cos  ©£(y)  ■  —  y 
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H 


1  ,,  1  2. 

i  -  f (y  ,y  ) 


I  -  7  If(y1,y2) 


_  1  -  l+a ,  ... 

-  "  7  aro  (Vy)) 


_  1  -  l+a 

> - ae 

e 


'  a 


■  -as  . 


Consequently , 


Now,  set 


inf 

y  €  f.  HN’ 


<%!/  \  -  a 
cos  9  (y)  _>  -at  . 


(22) 


}  inf 

y  €  ft  7>N'  E 
£+ 


e*(y>. 


(23) 


0  :»  sup 

C“  y  €  fl  ON’ 
J  r- 


3c(y>* 


(24) 


Since  cos  is  continuous  and  strictly  decreasing  on  [0,n],  we 
see  that 

cos  9  *  sup  cos  £^(y)  <_  aea,  (25) 

E  y  €  5  on’  E 

e  + 

cos  0  *  inf  cos  0*(y)  -aea,  (26) 

E_  y  6  n  HN’  E 

E- 

by  (21)  and  (22).  Returning  to  the  expression  on  the  right  in  (20), 
we  can  clearly  write,  using  (25)  and  (26), 


(29) 
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we  then  have 


C  •  |  C  I  ^  (sin  9  +  cos  8  e^). 


Obviously, 


grad  r0(SE(ui1,u)2))  -  j  S^w1,*2) 


.  1  2  (3)  .  1  .  2  (3) 

sin  u  cos  id  e^  +  sin  u  sin  u  e ^ 


.  1  (3) 

+cos  u  e^  , 


so 


£  2  2  12  1 

£  Tq  »u  )  ■  Id^Csin  9  sin  u  cos  u  +cos  8  cos  w  ) , 

1  2 

for  0  <  w  <  ir,  0  <  w  <2tt. 


Denoting,  for  brevity,  the  integral  in  (28)  by  I,  we  can  now  write, 
more  explicitly. 


i  -  ci-ui|)“3/2 


<w/2,  *)*(0,2if) 

sin  u,1 


2  1  t. 

{ l+Y  (cos  9  cos  u  +sin  8  sin  u±  cos 


1  2.  2.3/2  dX2(-"  ^  • 


where 

y  s-  UI3-<i-Ul|)“1/2- 

Let  us  first  rewrite  the  preceding  integral,  using  the  translation 
invariance  of  as 


t!76- 


(l-u  I  3>'3/2 


t (tt / 2 ,  it)x(O.ir) 
sin  ui2 


2  1  , 

{  1+y  (cos  8  cos  u  +sin  0  sin  u)X  cos  uj‘)‘} 


1  2.  2,  3/2  dX2(u)  ,w  ) 


(it/2,  h)x(0,it) 


sin  oi 


dX,(u 


f1.2,  -  1  ,  a  .  1  2,2. 3/2  2 

{1+7  (cos  6  cos  co  -sin  6  sin  oi  cos  oi  )  } 


1  2  ] 
u)  ,w  )  ( 


7 

Now,  consider  the  map  g^:  (0,l)*(i;/2,  3it/2)  ■*  ]R  given  by 

g*(p,w)  :«  p  cos  u  1 


g1(p,w)  :»  p  sin  u 


for  0  <  p  <  1,  it/2  <  oi  <  3tt/2, 


and  the  map  (w/2,  rr)x(0,r)  -*•  3ET  defined  according  to 


1,  1  2,  1 

g2(oi  ,u  )  :*  cos  u  , 


2,12,  ,  1 

g-(u  ,oi  )  :»  sin  oi  cos 


1  2 

for  tt  /  2  <  to  <  it,  0<w  <  f 


It  is  easy  to  check  that  both  and  g2  are  injective,  with 

g2((Tr/2,  tt)x  (0 ,  n) )  »  {y  €]R2j  y1  <  0,  |y|2  <  1} 

-  gl((0,l)x(r/2,  3r/2)) , 


Jg^(p.w)  ■  P  for  0  <  p  <  1,  v/2  <  oi  <  3tt /2 , 


(30) 


(31) 


.  (32) 


(33) 


and 


-177- 


12  2  12  1  2 
Jg2(w  >u  )  “  sin  oj  sin  u  for  n/2  <  u  <  irf  0  <  w  <  n.  (34) 

-1  2 

Consequently,  defining  g  :*  g2  og^:  (0,l)x(ir/2,  3t /2 )  -  3R  ,  we 
see  that  g  is  injective,  g((0,l)x(ir/2,  3n/2))  -  (tt/2 ,  n)*(0,n), 

and 


-1, 


Jg  -  {(Jg2i)og1}.Jg1 


UJg2)og21}og1  ^J82)0g  ’ 
whence  short  computations  produce,  using  (3l)-(34), 


Jg(p,w) 


n  2. 1/2  1,  , 

(1-p  )  •  sin  g  (v,oj) 


(35) 


and 


1  12 

cos  0  • cos  g  (p,w)  ±sin  8  sin  g  (p,w)  *cos  g  (p,u)  -  c  cos  (u+e),  (36) 


for  0  <  p  <  1,  n/2  <  u  <  3n/2. 


Whenever  f:  (n/2,  n)x(o,ir)  ■*  K  is  Lebesgue-integrable,  [VI. 52] 
implies  that  fog-]jg|  is  Lebesgue-integrable  on  (0,1)x(it/2,  3n/2) 
and 


i 

(n/2,  n) x (0 ,n) 


f  dX2 


j  fog  * ! 3  g I  dX2; 

(0,  l)x  (tt/2  ,  3n/2) 


(37) 


Fubini's  theorem  shows  that  the  integral  on  the  right  in  (37)  can 
be  rewritten  as  an  iterated  integral,  using  either  order  of  integra¬ 
tion.  Applying’  the  latter  fact  and  (37),  and  accounting  for  (35) 
and  (36),  equality  (30)  can  be  recast  as 
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note  that  the  integrand  is  nonnegative  and  continuous  on  [0,1),  so 

the  Lebesgue  integral  1(1? n)  is  defined  for  each  n  £  1R,  while 

if  6  €  [0,1),  I(g;n)  can  also  be  interpreted  as  a  Riemann  integral. 

00 

Choosing  a  non-decreasing  sequence  CS^) ^  in  [0,1)  such  th.  t 
8^  -*•  1,  define  fj:  [0,1]  -*•  [0,«),  for  each  i  by 

'  p{l-o2}'1/2{l+n2o2}-3/2,  if  0  <_  p  <_  3.  , 

fj(p) 

0  ,  if  <  p  <_  1, 

n  oo 

wherein  n  €  ]R  has  been  selected.  Then  (f^)^  is  clearly  a 
non-decreasing  sequence  of  nonnegative  measurable  functions  on 
[0,1],  so  the  B.  Levi  theorem  on  monotone  convergence  (cf.,  Hewitt 
and  Stromberg  [20],  Theorem  (12.22))  gives 


A..Z..  , 
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lin  fj  dX  -  (  lim  f?)  dX  , 

i  -  »  l  i  -  « 


lim  1(6.; n)  -  I(l;n). 

i  •*  OB  1 


Now,  whenever  8  6  [0,1),  the  elementary  change-of-variables 
formula  for  Riemann  integrals  allows  us  to  show  easily  that 

2  11/2 

K6;  n)  -  ~~~2  1-  -1".  ~2  N 

1+n  vl+n  6 

so,  from  (39),  recalling  that  6A  -*•  1, 


2  1/2  2  2  3/2  *  I(l:n)  “ 

(l-p2}1/2{l+n2o2}3/2  1  l+r 


Since  (40)  holds  for  each  n  e  1R,  we  can  use  it  to  reduce  the 

equality  (38)  to  the  simpler  form 

f3*/2 


3ir/2 

I  -  (1-| C | j)-372  ■ 

^r/2 


- 2 - *5 -  dX  (w) 

1+Y  cos  (<jj— 9 ) 


- 2 - S -  dXl(u) 

1+Y  cos  (ui+9) 


—  -9 

2  9 


-  (1-U|2)“1/2 


I  - Tf - 5—  dX  (a)) 

J  1-Ulr  sin2  u,  1 


f  * 


1 

- — = - 5 —  dX  1  (to) 

J  1-kl;  »in2  U.  1 
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.  2  —1/2 

after  some  simple  manipulations,  recalling  that  y  :*  j  £  |  I  £  ! 

Finally,  to  compute  the  values  of  the  integrals  appearing  in  (41) , 
consider  the  function  a:  ]R°{(2n+l)  y  |  n  £  I}'  -*1R  given  by 

oU)  <1- !  C  I  3)_1/2  *  tan-1  {(l-|c|2)1/2  tan  (42) 

If  ?n  (2n+l)  for  some  n  €  I,  we  find 

lim  +  o(c)  -  +  f  (l-ld2)'172,  (43) 

C  ^ 

while  if  z,  €lRri{(2n+l)  ^  |  n  £  I}',  an  easy  calculation  produces 

o’U)  -  (l-UI2  sin2  O'1.  (44) 

Then,  suppose  that  a,  8  €  ]R  and  a  <  8:  if  the  open  interval 

(a, 8)  contains  no  odd-integral  multiple  of  tt/2,  it  follows  that 
8 

- - - —  dA^(w)  «  lim  _  o (w)  -  lim  +  o(iu)  ;  (45) 

1- I  £  |  _  sin  w  w  ■+■  3  u)  -*•  a 

a  j 


if  the  open  interval  (a, 8)  contains  exactly  one  odd-integral 
multiple  of  ir/2,  Wq,  then,  clearly. 


8 

’ 

. 

a 


1 

l-fc|2  Sin2  U) 


dX^(w) 


lim  _  o(w)  -  lim  a(u>) 
w  -*■  8  w  -*•  o 


+ 


lim 
w  -*■  w 


0 


a(u>) 


lim 


o  (w) 


lim  o(uj)  -  lim  o( w) 

u  ■*  8  w  •*  a 


-Hi(l-|5| 


2. -1/2 

y 


(46) 
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Recall  that  8  €  [0,tt],  by  (29);  we  consider  each  of  the  possible 
positions  of  8,  as  follows: 


(a)  If  8*0,  then  (41)  becomes,  using  (45)  and  (43), 


I  -  (1-|  ^  I  3)~1/2*2{  lim  .  o(m)  -•  lim  +  o(u>)  -  -  2tt(1-  U  I  J)"1 .  (47) 

i  3tt  ir 


(b)  If  8  *  it,  then,  each  interval  (-tt/2,  tt/2)  and 
(3tt/2,  5r/2)  containing  no  odd-integral  multiple  of  tt/2,  just  as 
in  case  (i),  we  can  again  apply  (45)  and  (43)  in  (41)  to  obtain 


(c)  If  0  <  8  <  it,  then  it  is  easy  to  see  that 
[tt/2  -9.  3tt / 2  -8]  and  [ir/ 2  +8,  3tt / 2  +8]  each  contain  precisely 
one  odd-integral  multiple  of  tt/2  (tt/2  in  the  former,  3tt/2  in 
the  latter),  so  we  apply  (46)  in  (41): 

I  -  (1- 1 £ | j) _1* ( tan”1  ((l-UI*)1^  tan  (3tt/2  -6)) 

-tan"1  ((1-|C|^)1/2  tan  (v/2  -9)) 

+tan"1  ((l-ls!2)172  tan  (3tt/2  +6)) 

-tan"1  ((1-|C|2)1/2  tan  (tt/2  +8))  +2n} 


-  2it  (1—  |  C|  _1 «  (49) 

since  tan  (3ir/2  -9)  -  -tan  (3tt/2  +0),  tan  (w/2  -6)  *  -tan  (u/2  +5) , 
and  tan  ^  is  an  odd  function  on  ]R. 
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